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o r d in a l  number w h ich  b e lo n g s  t o  F . The o r d in a ls  o f  th e  sec o n d  number c l a s s ,  w , w -f-1 , 
e t c . ,  a r e  d i s c u s s e s ,  and t h e  c a r d in a l  number o f  t h e  seco n d  number c l a s s  i s  d e f in e d  
t o  b e  (V, ,
The m ost i n t e r e s t i n g ,  i f  n o t p a r t i c u l a r ly  v a lu a b le ,  p a r t  o f  t h i s  a r t i c l e  was 
t h e  d is c u s s io n  o f  a c la s s  o f  numbers £ h a v in g  t h e  rem ark able p r o p e r ty  t h a t  w  ̂ y £  .
Thé s m a l le s t  o f  t h e s e ,  f , ,  i s  th e  l i ^ w ,  w here v , ,  *j, v*. * ui'*/ '*
T h is  co m p le te s  th e  a r t i c l e s  on th e  theor%r o f  p o in t  s e t s  p u b lish e d  b e fo r e  1901  
w h ich  w ere  a v a i l a b l e ,  and in  them m ost o f  th e  t o p ic s  regard ed  to d a y  as a p a r t  o f  t h e  
s u b j e c t  h a v e  b een  d is c u s s e d ,  A few  p o in t s  d is c u s s e d  in  ^ obson  we h a v e  n o t n e t — b u t  
t h i s  h a s  b e e n .e i t h e r  b e c a u s e  t h e  s u b je c t  h a s  b een  r e c e n t ly  d ev e lo p ed  ( a s  in  th e  c a s e  
o f  o r d in a r y  in n er  l i m i t i n g  s e t s ,  w h ich  d a te  from  1903 * ,  sy stem s o f  n e t s  * * , or t h e  
id e a  o f  t h e  'm ea su re ' o f  a  s e t ) ,  or b e c a u se  a r t i c l e s  d is c u s s in g  th e  s u b j e c t  w ere  
n ô t a v a i l a b l e ,  **♦
* -  Due t o  F .H , Young.
* * -  S ee  n o te  3 ,  page 2 9 , o f  t h i s  p a p er ,
***_Por in s t a n c e ,  w h ile  th e  H e in e -B o r e l th eorem  was f i r s t  proved  in  1 8 9 5 , th e  
p r o ô f  ap p eared  in  th e  "A nnales de l ' E c o l e  Eorm .” E obson , 1 0 7 , c o n ta in s  a r e f e r e n c e  
t o  an a r t i c l e  b y  W.E. Young on th e  s u b j e c t  in  " P roc , Lond, H a th . S o c , ( l )  XT?’,  3 8 7 , 
w h ich  woi.ild b e  b e fo r e  1 9 0 1 , b u t th e  a r t i c l e  i s  a c t u a l l y  fou n d  in  V ol XX3C7 ( 1 9 0 2 ) ,  
S e t s  o f  t h e  f i r s t  and secon d  c a te g o r y  w ere  f i r s t  exam ined b y  B a ir e ,  in  t h e  "Annali - 
d i  M a t," , ( 3 )  I I I ,  6 5 , aji a r t i c l e  w h ich  p rob ab ly  appeared j u s t  b e fo r e  or a f t e r  1 9 0 1 , 
th o u g h  I  wan f i n d  no d a t e ,  J o r d a n |s  m easure o f  a s e t  o f  p o in t s  d a te s  a t  l e a s t
from  1887— se e  H obson, 1 8 3 , and J o u rn a l de M at. ( 4 )  V o l V I I I ,
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We w i l l  s e e  t h a t  i s  n o t e q u a l t o  ,  and i s  a lw a y s g r e a t e r  th a n  ^  . *
"By w  we u n d e r s ta n d  t h e  o r d e r —ty p e  o f  a w e l l - o r d e r e d  s e r i e s  * • • * * ' * *® v******
in  w h ich  e^  i s  l e s s  th a n  e^_^q ,  and w h ere y=  0 ,  1 ,  2 ,  ................**
" i f  i n  an o rd ered  s e t  M a l l  o rd er  r e l a t i o n s  becom e in v e r t e d ,  t h e n  we o b t a in  an  
o rd ered  s e t  vd iich  we w i l l  c a l l  t h e  in v e r s e  o f  K , and w i l l  r e p r e s e n t  b y  *M. I f  M 
th e n  *M Z * ^  * "
C antor th e n  c o n s id e r s  th e  t h r e e  s p e c i a l  o rd er  t y p e s , ■» w ( o r  IT ) * * * , 
tj *#** ( t h e  o r d e r - ty p e  o f  a l l  r a t iD z a l  numbers g r e a t e r  th a n  0  and l e s s  th a n  1 i n  t h e ir  
n a tu r a l o r d e r ) ,  and ^  ***** ( t h e  ord er-t^ q je  o f  t h e  l i n e a r  con tin u um  X ) .
w . i s  c h a r a c t e r is e d  b y  s e v e r a l  i n t e r e s t i n g  r e l a t i o n s :  1 )  1 t u  = w , 2 )  w -ri w ,
^ i s  c h a r a c t e r is e d  h y  l )  -  4% 2 )  i s
ev ery w h ere  d e n s e ,  3 )   ̂ h a s  no h ig h e s t  or lo w e s t  e le m e n t .  A ls o
>1 ; > - r .  Ï ;  ^ f
0  i s  a p e r f e c t  t^ /p e , and h a s  th e  p r o p e r ty  t h a t  i t  c o n ta in s  a s e t  R o f  o r d e r - tjq se  ^
#
a s  a p a r t  s e t ,  su ch  t h a t  b etw een  any tw o o p t io n a l  e le m e n ts  o f  X , e le m e n ts  o f  R 
l i e .
A r t i c l e  XX3CV, in  Volume 49  o f t h e  A nnal e n , i s  n o t o f  an^r g r e a t  im p o r ta n c e .
C antor a g a in  d e f in e s  w e l l - o r d e r e d  s e t s  ^  ,  and d e f in e s  segm en ts and rem a in d ers  
o f  w e l l - o r d e r e d  s e t s .  The order-t^^pe o f  a w e ll-o r d ? r " d  a g g r e g a te  P we c a l l  t h e
* -  S ee  H ob son , 204 and 2 2 2 .
'**— S ee  H ob son , 2 1 3 . *
* * * -  S e e  H ob son , 2 1 1 .
****_  S e e  ^ o b so n , 2 0 8 .
*** * * *  S e e  H ob son , 2 0 9 .
f -  S e e  H obson , 2 1 1 , and page 18 o f  t h i s  p a p er . 
S e e  H obson , 2 1 3 .
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when " a c e r t a in  ord er-arran gen en t p r e v a i l s  betw een i t s  e lem en ta , such th a t  o f  any
tw o e le m e n ts , m and n , one ta k e s  th e  h ig h e r ,  and one th e  lo w er , ran k ...............To each
sim p ly  ord ered  s e t  li b e lo n g s  a f ix e d  order t y p e ,  w hich we w i l l  d en ote  by  M, and by  
w hich  we w i l l  u n d erstan d  th e  con cep t o b ta in ed  when we a b s tr a c t  from th e  s e t  M th e  
q u a l i t y  o f  th e  d i f f e r e n t  e le m e n ts , but r e t a in  th e  order o f  p reced en ce  among them ,"
Two s e ta  M and N are  s im i la r ,  and have th e  same order t y p e ,  i f  we can s e t  up 
a o n e -to -o n e  corresp on den ce betw een  them so  th a t  and m2 corresp ond  t o  n̂  ̂ and ng ,  
and th e  order r e la t io n  o f  m̂  t o  mg in  H i s  th e  same as th a t  o f  n̂  ̂ t o  ng in  N,
T h is  i s  ex p r essed  by (The corresp on d in g  e x p r e s s io n  fo r  e q u iv a le n c e , we r e ­
member, was
We o b ta in  TZ from  M by a second  a b s tr a c t io n ,
"With f i n i t e  s e t s  th e  o r d e r -ty p e  o f f e r s  ho p a r t ic u la r  i n t e r e s t .  A l l  s im p ly  or­
d ered  s e t s  w ith  t h e  same c a r d in a l number are s im i la r ,  and have th e  same ord er-t^ 'p e . 
F i n i t e  order ty p e s  are s u b je c t  t o  th e  same r u le s  as f i n i t e  cardinaj. numbers, and we 
can u s e  f o r  them th e  same sym bols— 1 , 2 , 3 ,  , even  though th e y  a re  co n cep t­
u a l l y  d if f e r e n t - f r o m  th e  c a r d in a l num bers.
H owever, i t  i s  v ery  d i f f e r e n t  w ith  t r a n s f i n i t e  ord er-t^ fp es, fo r  t o  one t r a n s ­
f i n i t  e c a r d in a l number * corresp ond  i n f i n i t e l y  many d i f f e r e n t  t i'p e s  o f  s im p ly  ordered  
s e t s ,  w hich  in  t h e  a g g reg a te  c o n s t i t u t e  a | t y p e - c l a s s | .  A c a r d in a l number ^  i s  
common t o  a l l  tj^pes b e lo n g in g  t o  th e  c la s s ;  th e r e fo r e  we c a l l  i t  th e  ty p e  c l a s s . 
The s im p le s t  o f  th e s e  i s  th e  t;m e c la s s  •
We must d i f f e r e n t i a t e  from  th e  c a r d in a l number ^  ,  w hich f i x e s  th e  t j p e  c la s s  
t h a t  c a r d in a l number ^  ,  w hich in  tu r n  i s  f ix e d  through th e  ty p e  c l a s s  (VJ ; i t  i s  
t h e  c a r d in a l number which b e lo n g s  t o  th e  ty p e  c la s s  inasmuch as i t  r e p r e s e n ts  a 
w e l l - d e f in e d  s e t  whose e lem en ts  a re  th e  d i f f e r e n t  ty p e s -  w ith  th e  ca rd in a l n o , < ,
* -  S ee  H obson, 204.- and 2 1 8 ,
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■ F or t e n  y e a r s  a f t e r  t h i s  l a s t  ? . r t i c l e  w as p u b lis h e d  ( 1 8 8 5 ) ,  no more p a p e r s  on  
p o in t  s e t s  a p p ea r e d , w ith  t h e  e x c e p t io n  o f  A r t i c l e  Z X a III , v /h ich  h as a lr e a d y  b e e n  
c o n s id e r e d .  * I t  w as n o t u n t i l  1 8 9 5 -9 7  t h a t  C antor p u b lis h e d  " B e itr a ^ e  zu r  Becntm dung  
d er  t r a n s f i n i t e n  ^ e n g e n le h r e ” ,  ** in  Volum es 46  and 49  o f  t h e  Annal e n .  T h ese  a r t i c l e s  
a r e  l a r g e l y  co n cern ed  w it h  a more ad van ced  and a b s t r a c t  tr e a tm e n t  o f  tw o  t o p i c s  a l ­
r ea d y  f a m i l i a r  t o  u s  — c a r d in a l  n u m b ers, and o r d in a l  numbers and o rd er  t y p e s ,  C liap- 
t e r  IV 6 f  H obson i s  an a d a p t a t io n ,  and i n  la r g e  p a r t  a lm o st a w ord fo r , w ord  t r a n s ­
l a t i o n ,  o f  t h e s e  tw o  p a p er s  b̂ ’’ C a n to r , In  t h e  f i r s t  p a r t  o f  H ob son ’ s b o o k , h e  a t  
l e a s t . r e —a r r a n g e s  and ch a n g es t o  some s l i g h t  e x t e n t  C a n to r )s  o r i g i n a l  m a t e r i a l ,  b u t  
i n  C h ap ter  XV, h e  c o p ie s  i t  a lm o st e x a c t l y  a s  w r i t t e n .
The c a r d in a l  number o f  an a g g r e g a te  M i s  d e f in e d  in  t h e  f i r s t  o f  t h e s e  tw o  
a r t i c l e s  a s t h e  c o n c e p t o b ta in e d  "when from  t h e  s e t  M we a b s t r a c t  t h e  q u a l i t y  o f  
t h e  d i f f e r e n t  e le m e n ts  and t h e  o rd er  in  w h ich  th e y  a r e  g iv e n ,"  $** T h is  c a r d in a l  
number we w i l l  d e n o te  b y  M, He g iv e s  a s e t  o f  s im p le  th eo rem s on f i n i t e  c a r d in a l  
num bers w h ich  we w i l l  n o t ta k e  t im e  t o  q u o t e ,  and th e n  d e f in e s  /V, ( A l e f - z e r o )  a s  t h e  
c a r d in a l  number o f  t h e  s e t  o f  t h e  p o s i t i v e  i n t e g e r s ,  **** /V , h a s  t h e s e  p r o p e r t i e s :
1 )  I t  i s  g r e a t e r  th a n  e a ch  f i n i t e  number M.
2 )  I t  i s  t h e  s m a l le s t  t r a n s f i n i t e  c a r d in a l  num ber.
3 )  /V , -b I * /V.
He th e n  p a s s e s  from  c a r d in a l  t o  o r d in a l  num bers, A s e t  i s  s im p ly  o r d e r e d  *****
* -  S e e  page 30  a b o v e ,
* * -  A r t i c l e s  XXXIV and XXXV.
* * * -  S e e  H ob son , 1 8 8 , S ee  a l s o  H obson’ s c r i t i c i s m  o f  t h i s  d e f i n i t i o n ,  p a g e  2 3 9 ,  
* * * * -  S e e  H ob son , 1 9 4 ,
* *** * _  S e e  H ob so n , 2 0 3 ,
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T heoren  J -  I f  P i s  a s e p a r ir t e  s e t ,  th e n  i t  i s  o f  th e  f i r s t  c a r d in a l number
( i f  i t  i s  an i n f i n i t e  s e t ) ,  and t h e r e  i s  a s m a l le s t  number o f  th e  f i r s t  or
seco n d  number c la s s  such  th a t  Pc^ z  0 »
We h a v e  th e n  in  t h i s  c a se :
«
P= % Pc"' a
Theorem K- I f  P i s  en u m erab le , w ith o u t  b e in g  a s e p a r ir t e  s e t ,  * th en  th e r e  i s  . 
a s m a l le s t  number <* o f  t h e  f i r s t  or seco n d  number c la s s  such  t h a t  Pc"^ i s  a s e t  
d e n se  in  i t s e l f .  C a ll t h i s  U, and c a l l  ^  Pc*^ a ,  R, Then
P = Ü -h R ,
w here R i s  e i t h e r  0 or an enum erable s e p a r ir t e  s e t .
Theorem L- I f  P i s  o f  h ig h e r  th an  th e  f i r s t  c a r d in a l number, th e n  th e r e  i s  a 
s m a lle s t  number o( o f  th e  f i r s t  or second  number c l a s s ,  su ch  th a t  P c^  i s  d en se  in  
. i t s e l f ;  t h i s  l a t t e r  c o n s i s t s  o f  a p a r t  V w hich  i s  d en se  in  i t s e l f  and com p r i s e s  
a l l  p o in t s  o f  P w h ich  a re  so  s i t u a t e d  t h a t  in  each neighborhood o f  them p o in t s  o f  P 
a r e  c o n ta in e d  w h ich  a r e  o f  h ig h e r  th an  th e  f i r s t  c a r d in a l  number, ** and o f  a p a r t  
U, w h ich  i f  i t  i s  n o t 0 c o n s i s t s  o f  th e  rem ain ing p o in ts  o f  Pc^ ,  and i s  an enum erable  
s e t  d en se  in  i t s e l f .  I f  R h a s t h e  same s ig n i f i c a n c e  as a b o v e , i t  i s  a s e p a r ir t e  s e t ,  
and we have
P = R-VU+V,
I f  we d e f in e  U +  V as P c ^ o r  P i ,  th e  t o t a l  coh eren ce  o f  P , and R as  P r , th e  r e s t  or  
residu um  o f  P ,
P « Pr 4* Po‘*'“ or P = Pr 4- P i .
I f  P i s  a  c lo s e d  s e t ,  Pc «  P ’ , Pc'* = P̂ ^̂  ,  Po'* a n P̂ ^̂  -  ,
P i  -  P c^  = P^"^,  and U = 0 .
* -  I t  w i l l  th en  c o n ta in  a component dense in  i t s e l f .
* * -  See H obson, 1 2 ? , on p o in ts  o f  degree  a ,  c ,  or x  ir. th e  s e t  Po^ ,
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H© t h e n  p r o c e e d s  t o  a  more g e n e r a l  a n a l y s i s  o f  s e t s ,  Any s e t  P c o n s i s t s  o f  a 
s e t  o f  i s o l a t e d  p o i n t s ,  fo rm in g  an i s o l a t e d  and t h e r e f o r e  an en u m era b le  s e t  P a , and  
o f  l i m i t  p o in t s  fo rm in g  a s e t  P c ,  T hat i s ,
P = Pa 4* P c ,
Pc b e in g  D ( P ,P ' ) ,  and Pa b e in g  an i s o l a t e d  s e t  or  9 ,  in  w h ich  c a s e  P i s  d e n s e  in  
i t s e l f .
I n  t h e  same w a y , Pc c o n s i s t s  o f  i s o l a t e d  p o in t s  P e a , and o f  l i m i t  p o in t s  P c ^ ,
Thus Pc s  P c a f -P c ^ , and P s  P a i 'P c a + P c ^ ,  By a c o n t in u a t io n  o f  t h i s  p r o c e s s  we 
o b t a in
P  = Pa +  P ea  i -  Pc^a t " ...................... ... ,+ P o ^ a  +• Po^ ,
w h ere P a , P e a , P c ^ a , . . . .  Pc^"^a a r e  term ed  t h e  1 s t ,  2 n d , 3 r d , v t h  adh eren ce:
o f  P , and Pc^ i s  t h e  v th  c o h e r e n c e  o f  P ,
I f  Pc^ e x i s t s  f o r  a l l  v a lu e s  o f  v  o f  th e  f i r s t  o r  sec o n d  number c l a s s ,  we d e f in e
Pc*** a s  D ( P ,? c ,P c ^ , .P c ^ , A n d ,  i n  g e n e r a l ,  i f  X i s  any number o f  t h e
f i r s t  o r  sec o n d  number c l a s s  n o t a l i m i t  num ber, th e n  P o^  -  (Pc'*'‘ ) c ,  w h i le  i f  y
i s  a l i m i t  number o f  t h e  sec o n d  number c l a s s ,  Pc'* 5  D (   Pc^ ................ ) ,  w h ere  X*
taJces on a l l  v a lu e s  l e s s  th a n  Y .  Thus
P = ^ P c '» ‘ a  +  Pc'*
w h ere  X* s  0 ,  1 ,  ..........  - ,
i s  e v id e n t l y  a  " s e p a r ir te "  s e t ,  w h i le  ea ch  d e n se  in  i t s e l f  p a r t  o f  P 
i s  a l s o  a  p a r t  o f  PcY •
We th e n  h a v e  fo u r  th e o r e m s , v /h ich  ca n  be ta k e n  t o  f o l l o w  th eo rem  H s t a t e d  a b o v e :  
Theorem  I -  When P i s  a s e p a r i r t e  s e t ,  th e n  a num ber«4. o f  t h e  f i r s t  or  s e c o n d  
number c l a s s  e x i s t s  su ch  t h a t
Pc*  ̂ = P c * * ’'* s  0 ,
b u t  w hen P i s  n o t  a  s e p a r i r t e  s e t ,  th e n  su ch  a number K e x i s t s  t h a t  Pc** ,  and
P c * ^ ^ ,is  an ev ery w h ere  d e n se  s e t .
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o f  t h e  l in e a r  con tin u u m , and t h a t  any c lo s e d  s e t  h a s  e i t h e r  th e  f i r s t  poiver o r  t h e  
power o f  t h e  con tin u u m . And a g a in  h e  rem ark s, ”l  s h a l l  show in  a f u t u r e  communi c a -
9
t i o n  t h a t  t h i s  d iT is io n  in t o  tw o c la s s e s  h o ld s  a l s o  f o r  s e t s  o f  p o in t s  n o t c lo s e d ,"
In  c o n c lu s io n ,  h e  d e v o te s  a few  pages t o  th e  id e a  o f  c o n te n t ,  "a n o t io n  ........... i n d i s -
p e n s ib l e  t o  l a t e r  a r t i c l e s  t h a t  I  prom ised  your jo u r n a l in  A c ta , I I ,  and t h a t  I  w i l l  
sen d  l a t e r ."
, Of t h o s e  l a t e r  a r t i c l e s  t o  appear i n  th e  A c ta , o n ly  one* was e v e r  p u b lis h e d ,  
and i t  in  t h e  German, w hich  was co n tra ry  t o  th e  o r ig in a l  in t e n t io n .  T h is a r t i c l e  
i s  co n cern ed  l a r g e l y  w ith  an a n a ly s i s  o f  s e t s ,  and i s  s im i la r  t o  th e  d is c u s s io n  o f  
H obson , 123 f f .  C antor b e g in s  by q u o tin g  theorem s D ,B ,F ,G  o f  t h e  c o l l e c t i o n  g iv e n  
on p a g e s  2 5 -6  o f  t h i s  a r t i c l e ,  and adds a th eorem  H . t o  t h e  s e t ,  w h ich  i s  v e r y  s im i la r  
t o  th eo rem s C’ and E* o f  page 27;
Theorem  H: I f  P i s  anj' c l o s e l  s e t ,  th e n  i t  c o n s i s t s  o f  two e s s e n t i a l l y  s e p a r a te
p a r t s ,  R and S ( e i t h e r  of* w h ich  may b e  O)^ so  th.Pt;
F = R + S ,
w here R i s  a " s e p a r ir te "  s e t  (nrnvhere d en se  in  i t s e l f ) ,  and a t  most o f  t h e  f i r s t  
c a r d in a l  number, w h ile  S , i f  i t  i s  n o t 0 ,  i s  a p e r f e c t  s e t . and t h e r e f o r e  o f  th e  
c a r d in a l  number o f  th e  l in e a r  c o n tin u u m .' In  c a se  P i s  f i n i t e  or o f  t h e  f i r s t  c a r ­
d in a l  num ber, S 5  0 ,  and t h e r e  i s  a c e r t a in  sm allest**, o f  th e  f i r s t  or  second  number 
c l a s s  su ch  t h a t ,
P'^2 0.
But i f  P i s  o f  h ig h e r - th a n  t h e  f i r s t  c a r d in a l number, th e n  3 i s  a p e r f e c t  s e t ,  and 
t h e r e  i s  a c e r t a in  s m a l le s t  #4 o f  t h e  f i r s t  or  seco n d  number c l a s s ,  su ch  th a t
?*'■’ 5 s ; p f
The i s o l a t e d  s e t  R h as th e  q u a l i t y  t h a t ,  from  somp f ix e d  on ,
D(R,r’̂ )̂ = D(R,R̂ ^̂ ) s 0.
* -  A r t i c l e  XXX,
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F u r th e r  th e o r e n s  on c o n te n t  ap p ear in  H a r n a c k |s  a r t i c l e  in  A n n a le n , XXV, * 
•which seem s t o  b e  h i s  o n ly  a r t i c l e  . i i r e c t l y  on p o in t  s e t s ,  th o u g h  s e v e r a l  o f  h i s  
p r e v io u s  p a p er s  c o n ta in e d  c e r t a i n  r « f e r e r c - z  t ) t h e  s u b j e c t .  ** A s e t  o f  c o n te n t  
0 ,  or  a d i s c r e t e  s e t ,  i s  d e f in e d  as one su ch  t h a t  " a l l  i t s  p o in t s  can  b e  e n c lo s e d  
in  a  f i n i t e  number o f  i n t e r v a l s  ivhose sum ca n  b e  made o p t i o n a l l y  s : a a l l .  " An e v e r y ­
w h ere  d e n se  s e t  in  an i n t e r v a l  1 h a s ,  on t h e  o th e r  h a n d , i t s  c o n te n t  <=*g’i a l  t o  1 ,
The f o l l o w i n g  th eo rem s th e n  h o ld :
1 )  I f  ? '  i s  d i s c r e t e ,  P i s  a l s o  d i s c r e t e ,
2 )  A s e t  o f  t h e  f i r s t  s p e c i e s  and n - t h  ord er  i s  d i s c r e t e .
3 )  I f  P*“‘Ya d i s c r e t e ,  P i s  d i s c r e t e .
■ 4 '  I f  i s  d i s c r e t e ,  f o r  some •< o f  t h e  sec o n d , number c l a s s ,  P i s  d i s c r e t e .
5 )  Bverj'' r e d u c ib le  s e t  i s  d i s c r e t e ,
6 )  The c o n te n t  o f  P i s  a lw ays e q u a l t o  t h e  c o n te n t  o f  P ^
P a3oh a l s o .h a s  a few  p a g e s  on "I n h a I t  e in e r  P u n k tn ^ n ge" , in  h i s  p a p er ," U b er
e i n i g e  P u n kte  d er  F u n c t io n t h e o r ie " ,  **♦ b u t i t  c o n t a in s  l i t t l e  o f  i n t e r e s t .  He
r e f e r s  t o  C a n to r 's  p r e v io u s  d i s c u s s io n  o; o in t e n t ,  ****and h i s  d i s c u s s i o n  i s  v e r y
s im i la r  in  fo rm , b u t w it h  an  a lm o st e n t i r e l y  d i f f e r e n t  sy s te m  o f  n o t a t io n .
»
A r t i c l e  X X '/II, "De l a  P u is s a n c e  d es  E nsem bles p a r f a i t s  de P o in t s " ,  C a n to r 's  
n e x t  c o n t r ib u t io n  t o  t h e  A c ta ,  c o n ta in s  n o th in g  o f  im p o rta n ce  w h ich  d o e s  n o t  a l s o  
a p p ea r  - i n  t h e  lo n g  a r t i c l e  ***** in  t h e  A nhalen  o f  th e  same y e a r ,  w h ich  w e h a v e
a lr e a d y  c o n s id e r e d .  H e" aga in  shows t h a t  any p e r f e c t  s e t  j ? p o in t s  h a s  t h e  power
* -  A r t i c l e  XXXII 
**— E s p e c i a l l y  A nnalen  X IX , 2 35—7 9 , e s p .  238—9 .
* * * -  A r t i c l e  X X X III, A n n a len , :ŒX, 1 4 2 -4 4 .
* * * * -  A n n a len , X X III , 4 7 3 - 7 8 ,  S ee  p a g e  28  o f  t h i e  a r t i c l e ,  
* * * * * _  A r t i c l e  XX^/.
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e v e r -s o -s m a ll  s u b - in te r v a l ,  and whose con ten t i s  y e t  d i f f e r e n t  i.roia 0 , ”
An a p p a ren tly  independent in v e s t ig a t io n  by S t o ls  appears in  t h i s  same volume 
o f  th e  A nn alen , ♦ and h is  d e f in i t io n  o f  c o n te n t , fo r  w hich he u ses  a d if f e r e n t  
term , h ow ever, i s  more e a s i l y  comprehended than  C a n to r 's , and agrees more c lo s e ly  
w ith  th a t  g iv e n  in  Hobson. ** I t  a p p lie s  t o  l in e a r  s e t s ;
" in  th e  f i n i t e  in t e r v a l  ( a ,  b ) ,  l e t  any p o in t s e t  x be d e f in e d . Now co n sid er  
a system  o f  d iv i s io n s  o f  t h i s  in t e r v a l  o f  such s o r t  th a t  each  r e s u l t s  through d iv i s io n  • 
o f  th e  s u b - in te r v a ls  o f  th e  p r e ce d in g , and indead accord in g  t o  such a r u le  th a t
from  a f ix e d  d iv i s io n  on , a l l  th e  fo llo w in g  d iv id e  th e  g iv e n  in te r v a l  in to  p a r ts  
each o f  w hich  i s  l e s s  th an  g iv en  le n g th  f  • We con sid er  a system  o f ^ n f in i t e ly  
many such d iv i s io n s  or p a r t i t io n s ,  T, ,  T%, ,  . . . .  Tj ,̂ . . . .  and add to g e th e r  fo r
each p a r t i t io n  th o se  in t e r v a ls  w hich co n ta in  p o in ts  o f  th e  g iv e n  s e t  x ; we thus  
o b ta in  a s e r i e s  o f  sums Sp ,  Sg , . . . . .  3„ ,  . . . . .  such th a t  ?  3g 7 . . . . . .  2  Sj^>.. . .
a  0 . Then th e r e  e x i s t s  a f i n i t e  l im it  v a lu e  lim  % L, where S ^ ^ L , and 
L -S’ 0 .
"L i s  independent o f  th e  p a r t ic u la r  system  o f  d iv is io n s  con sid ered  and i s  c a l le d  
th e  ' I n te r v a llg r e n a e '  o f  th e  s e t .
" i f  L = 0 ,  th e  s e t s  agree  w ith  th o se  which Harnack has c a l le d  'd i s c r e t '  s e t s " .  **** 
S e ts  everyw here dense in  (a ,  b ) alw ays have L= b -  a . *****
* * -  A r t ic le  XXVI.
♦ * - Page 1 5 4 ,
* * * - The co n v en ien t n o ta t io n , "system  o f  n e ts" , fo r  a system  o f  d iv is io n s  o f  
t h i s  k in d  i s  due t o  de la  V a lle e  P o u ss in . (1 9 1 6 ).
* * * * - S ee  Annalen XXV, 241 (1 8 8 5 ) . I  do not f in d  th e  term  in  any e a r l ie r  a r t i c l e  o f  
H a rn ack 's , though th e  r e fe r e n c e  h ere  must be t o  some e a r l i e r  a r t i c l e .
*****_ In  t h i s  l i e s  th e  c h ie f  d if fe r e n c e  betw een th e  con ten t o f a s e t  a n d , i t s  
m easure.
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He t h e n  p r o v e s  t h e  tw o  v e r y  im p o r ta n t th eo rem s :
1 )  A l l  l i n e a r  p e r f e c t  s e t s  h a v e  t h e  same c a r d in a l  number— t h e  c a r d in a l  number
c f  t h e  l i n e a r  co n tin u u m .
2 )  A l l  c lo s e d  l i n e a r  s e t s  ( c o n t a in in g  an i n f i n i t e  number o f  p o i n t s )  h a v e  e i t h e r  
t h e  f i r s t  c a r d in a l  num ber, o r  t h e  c a r d in a l  number o f  t h e  l i n e a r  co n tin u u m . *
" L a te r" , h e  c o n c lu d e s ,  " t h is  th e o r e m  w i l l  b e  e x te n d e d  t o  n o n - c lo s e d  **  l i n e a r  
s e t s  tn d  t o  n - d im e n s io n a l s e t s , "
T h is  a r t i c l e  a l s o  c o n t a in s  C a n to r ’ s f i r s t  rem arks on t h e  c o n te n t  o f  a s e t  o f  
p o i n t s ,  *** He c o n s id e r s  an n - d im e n s io n a l s e t ,  and d e f in e s  t h e  c o n te n t  ****  a s  
d e n o t in g  i t  b y  l ( P  in  0% ). F or l i n e a r  s e t s ,  t h e  d e f i n i t i o n  h a s  b e e n  
fo r m u la te d  more c o n v e n ie n t ly  b y  S t o l z  and H arn ack , and we w i l l  l a t e r  c o n s id e r  t h e i r  
a r t i c l e s  i n  more d e t a i l .  C antor how ever p r o v e s  s e v e r a l  th e o r e m s  w h ic h  we s h o u ld  
n o t e :
1 )  I (P  i n  = I ( P '  i n  Gn) :  I i n  Gn)
Theorem  l )  ***** When P i s  a r e d u c ib le  s e t ,  l ( P )  i s  a lw a y s  0 ,
Theorem  I I ) liThen P i s  n o t r e d u c ib le ,  t h e r e  i s  a lw a y s  a  p e r f e c t  s e t  S w h ic h
h a s  t h e  same c o n te n t  a s  P .
"A p e r f e c t  s e t  P can have i t s  c o n te n t  e q u a l t o  0 ,  b u t^ n ly  when i t  i s  now here  
ev ery w h ere  d e n s e . . . . A l s o  t h e r e  a r e  p e r f e c t  s e t s  w hich  a r e  eveiq-w here d e n se  i n  no
* -  S e e  H obson , 1 1 6 .
* * -  T h is  th eo rem  w as e x te n d e d  by H a u sd o r ff  (1 9 1 6 )  t o  c o v e r  a l a r g e  c l a s s  o f  
n o n - c lc s e d  s e t s ,  w h ich  h e  c a l l e d  B o r e l - s e t s ,  b u t  h a s  n o t  b e e n  e x te n d e d  t o  c o v e r  a l l  
n o n - c lo s e d  s e t s ,
***_ S e e  p a g e  14 o f  t h i s  p a p e r — r e f e r e n c e  from  A n n alen  X X I, 5 8 .
* * * * -  I n h a l t ,
*****  -  The n o t a t io n  f o r  t h e s e  t h r e e .t h e o r e m s  i s  C a n to r ’ s ,
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Theorem  C’ -  I f  P i s  any c lo s e d  s e t  o f  t h e  f i r s t  c a r d in a l  number, th e n  t h e r e  i s  
a lw ays a s m a l le s t  number < o f  t h e  f i r s t  or  seco n d  number c l a s s  such  t h a t
s 0,
t h a t  i s ,  a  c lo s e d  s e t  o f  t h e  f i r s t  c a r d in a l  number i s  a lw a y s r e d u c ib le .  •
Theorem  E ' -  I f  P i s  any c lo s e d  s e t  o f  g r e a t e r  th a n  t h e  f i r s t  c a r d in a l number, 
th e n  we can  a n a ly z e  P in t o  tw o s e t s  R and S , su ch  th a t  S i s  a p e r f e c t  s e t ,  and R a 
s e t  o f  t h e ^ a r d i n a l  number ; a l s o  ( F*)  th e r e  e x i s t s  a s m a l le s t  number o f  t h e  f i r s t  
or secondnum ber c l a s s  such  th a t  F S S .
" i t  i s  a l s o  im p o rta n t" , h e  c o n t in u e s ,  " t o  n o t ic e  t h e  c a s e  w here a  s e t  P h as  
su ch  a  q u a l i t y  th a t  i t  i s  a d iv i s o r  o f  i t s  d e r iv a t iv e  P * , t h a t  i s ,
D (P ,P ’.) S P .
In  t h i s  c a s e  we s h a l l  c a l l  P d en se  in  i t s e l f .  " *
" I f  P i s  d en se  in  i t s e l f ,  P ' i s  a lw ays a p e r f e c t  s e t ,"
A s e t  P can b e  d en se  in  i t s e l f  w ith o u t b e in g  everyw h ere  d en se  * * , and a s e t  can
b e  every w h ere  d en se  in  an in t e r v a l  H w ith o u t b e in g  d en se  in  i t s e l f ,  though  o n ly  in  
c a s e  i t  c o n ta in s  p o in t s  o u t s id e  th e  in t e r v a l  H.
"There i s  a l s o  th e  c a s e  w here a s e t  P has su ch  a  q u a l i t y  t h a t  no p a r t o f  i t  i s
d e n se  in  i t s e l f ,  in  t h i s  we c a l l  th e  s e t  P a ' s e p a r i r t e '  s e t ."  ***...............
" i s o la t e d  s e t s  form a p a r t ic u la r  c l a s s  o f  s e p a r ir t e  s e t s .  F u rth er , a l l  c lo s e d  
s e t s  o f  t h e  f i r s t  r-ard inal number a re  s e p a r ir t e  s e t s ,  as t h e y  would n o t o th e r w is e  
b e  r e d u c ib le ,  **** as  a r e  a l s o  t h e  s e t s  R a p p ea r in g  in  t h e  theoirems E , Z ' . To t h e  
s e p a r ir t e  s e t s  a l s o  b e lo n g  s e t s  o f  th e  ty p e  P -  D (P , fo r  6.ny s e t  P ."
* -  " d en se  in  i t s e l f " - - " i n  s i e h  d ic h t e " .
* ♦ -  S e e  page 2 2 , e s p e c i a l l y  n o te  3 ,  o f  t h i s  p a p er .
***_ Uo s i n g l e  word t r a n s la t e d  " s e p a r ir te " , w i l l  u se  t h e  term , rem em bering
w hat it%aeans by d e f i n i t i o n .
* * * * - S ee  th eorem  C ', page 27 a b o v e .




A n n a len . H ere  h e  f i r s t  c o l l e c t s  h i s  own th eo r e m s A ,B ,C , and B e n d ix so n * s  D jB ,F ,G ,  
o f  A c ta ,  I I J  w r i t i n g  th em  a s  s i x  th e o r e m s . * T aken  t o g e t h e r ,  t h e y  form  a n  im p or­
t a n t  and com pact s e t  o f  th eo r e m s  on en u m era b le  and unem tm erab le s e t s .  ** He add s  
a n o th e r  th eo rem t
»
Theorem  F -  I f  P i s  a  p o in t  s e t  su c h  t h a t  i t s  f i r s t  d e r i v a t i v e  P* h a s  a h ig h e r  
c a r d in a l  number th a n  t h e  f i r s t ,  th e n  t h e r e  i s  a lw a y s  a  s m a l le s t  n u m b e r o f  t h e  f i r s t  
or  s e c o n d  number c l a s s ,  su ch  t h a t
P̂ "̂  =   = P ^ ^
I t  i s  rem a rk a b le  t h a t  up  t o  t h i s  t im e  C antor h a s  n e v e r  fo u n d  i t  n e c e s s a r y  t o  
in t r o d u c e  t h e  te r m s " c lo s e d  s e t "  and " s e t  d e n se  in  i t s e l f "  ( o r  some s im i la r  term s  
t o  e x p r e s s  t h e  same p r o p e r t i e s ) ,  b u t su c h  i s  t h e  c a s e .  He s a y s  h e r e :  ***
"To c o m p le te  t h e  th eo rem s o f  t h e  p r e c e d in g  p a r a g r a p h s , a s  w e l l  a s  t o  co n v en ­
i e n t l y  le a d  t o  new i n v e s t i g a t i o n s  ,  I  m ust now f i x  c e r t a i n  new d e f i n i t i o n s  and new  
nam es.  ...................
" I f  a  p o in t  s e t  su ch  t h a t  i t s  d e r i v a t i v e  P ' i s  c o n ta in e d  in  i t ,  t h a t  i s ,  i f
D (P ,p : )  a P%
we w i l l  c a l l  P a  c lo s e d  s e t .  For any s e t  P w h a te v e r , t h e  s e t  M (P ,P ’ ) i s  a  c l o s e d  
s e t .  Each s e t  w h ich  i s  t h e  d e r i v a t i v e  o f  a n o th e r  s e t  i s  i t s e l f  a c lo s e d  s e t ,  and  
t h e  in v e r s e  o f  t h i s  th eo rem  a l s o  h o ld s .  I f  P i s  a  c lo s e d  s e t ,  t h e n  P ’ i s  a  p a r t  o f  
P , and P  S Q - § - P |,  w h ere Q i s  an i s o l a t e d  s e t ,  and t h e r e f o r e  en u m era b le ."
F or c lo s e d  s e t s ,  th eo rem s C, B, and F above can  b e  changed  s l i g h t l y :
He com b in es th eorem s D and E, i n t o  o n e , w h ich  h e  c a l l s  D. B e n d ix s o n 's  t h e ­
orem  F h e  c a l l s  E .
* * -  S e e  p a g e s  1 4 ,  1 9 ,  2 0 ,  2 1 ,  2 4 ,  25 f o r  t h e  d ev e lo p m en t o f  t h i s  grou p  o f  
th e o r e m s .
* * * -  P age  4 6 9 ,
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y  •Theorem D - * I f  P* h a s  a  power g r e a t e r  th a n  t h e  f i r s t ,  t h e r e  a lw a y s e x i s t  
p o in t s  w h io h  b e lo n g  t o  f o r  e v e r y  v a lu e  Y o f  t h e  f i r s t  or  seco n d  number c l a s s .  
Theorem S -  I f  p^^^s t h e  s e t  o f  a l l  th e  p o in t s  o f  th eorem  D, P^"^s a p e r f e c t
s e t ,
a Theorem  P~ Xf P* — i^ '^ is  d en o ted  by R , th e n  R h a s th e  f i r s t  power#
Theorem G - T h ere  e x i s t s  a  'f o f  t h e  f i r s t  or  seco n d  number c l a s s  su ch  t h a t  
D (R , R̂ ^̂  ) = 0#
A n oth er  i n t e r e s t i n g  th eo rem , t h e  p r o o f  o f  -which i s  r a th e r  c o m p lic a te d , a p p ea rs  
i n  B e n d ix s o n 's  a r t i c l e :
”l f  P i s  a p e r f e c t  s e t ,  su ch  t h a t  no p a r t  o f  i t  form s a  c o n tin u o u s  s p a c e ,  and  
s i t u a t e d  i n  a  c o n tin u o u s  sp a c e  o f  one d im e n sio n , t h e  s e t  P can  a lw ays be e x p r e s s e d  
a s  t h e  f i r s t  d e r iv e d  s e t  o f  an i s o l a t e d  s e t ,  s i t u a t e d  a l s o  in  a sp ace  o f  one dim en­
s io n ."
In  an a r t i c l e  a p p ea r in g  in  ^ c t a ,  V , "B ew eis e in e s  S a tz e s  aus der îd an n ig fa l t i g -
k e i t s l e h r e " ,  Edward Phragmen g iv e s  an a l t e r n a t e  p r o o f  o f  B e n d ix so n 's  th eorem  F;
" I f  P i s  an a r b it r a r y  s e t ,  an d ru the f i r s t  number o f  t h e  t h i r d  c la s s  o f  C a n to r ,
t h e n  P* -  P ^  i s  o f  th e  f i r s t  c a r d in a l  num ber," **
* * *
C a n to r 's  n e x t  a r t i c l e  in  th e  A cta iw a s  p reced ed  s l i g h t l y  by t h e  s i x t h  in s t a l lm e n t  
o f  h i s  lo n g  p a p e r , **** "Uber u n e n d lio h e , 1 in e a r e  P u n lc tm a n n ig fa lt ig k e ite n " , i n  t h e
* -  T h ese  fo u r  th eorem s fo l lc r v  C a n to r 's  th eorem s A , B, C, Cantor had a lr e a d y  
p ro v ed  D, B, and F , b u t G .w as f i r s t  p ro v ed  by B en d ix so n , S e e  p a g es  21 a n i  24 o f  
t h i s  p a p e r .
* * -  S e e  A r t i c l e  XXIX. As t h e  th eorem  i s  s t a t e d  h e r e ,  P' m ight b e  en u m era b le , in  
w h ich  c a s e  P"^would v a n is h ,
* * * -  A r t i c l e  XXVII (1 8 8 4 )
* * * * -  A r t i c l e  XXV (1 8 8 4 )
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v io u s  a r b ic le s ^ o r  i s  c o n ta in e d  in  t h e  A n n alen  ( A r t i c l e  XKV) o f  t h e  same y e a r .  The 
f i r s t  o f  them,- A r t i c l e  X X III , c o n t a in s  t h r e e  th e o r e m s , a t  l e a s t  tw o  o f  w h ic h  w e h a v e  
a lr e a d y  m et t
Theorem  A - A s e t  o f  p o in t s  h a v in g  t h e  f i r s t  power ca n n o t t e  an
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f l o u s  a r t i a l e s ,  or  i s  c o n ta in e d  in  t h e  A nnalen  ( A r t i c l e  XX7) o f  -the eagie-j e a r » The 
f i r s t  o f  th em . A r t i c l e  X X III , c o n ta in s  th r e e  th e o r e m s , tw o o f  w h ich  we h a v e  a lr e a d y  
m et: :
Theorem A - A s e t  o f  p o in t s  h a v in g  th e  f i r s t  power cannot b e  a p e r f e c t  s e t .
Theorem B - I f  P i s  a s e t  o f  p o in t s  su ch  t h a t  i t s  d e r iv e d  s e t  o f  ord er  «K v a n is h e s ,
^  b e lo n g in g  t o  t h e  f i r s t  or  seco n d  number c l a s s ,  th e n  t h e  f i r s t  d er iv ed  s e t  ? * ,  
and t h e  s e t  P i t s e l f ,  a r e  o f  th e  f i r s t  pow er, u n le s s  one o f  them  i s  f i n i t e .  *
Theorem C - I f  P i s  a s e t o f  p o in t s  su ch  th a t  i t s  f i r s t  d e r iv e d  s e t  i s  o f  t h e  
f i r s t  p ow er, th e n  t h e r e  e x i s t s  numbers h o f  th e  f i r s t  or seco n d  number c la s s  su ch  
t h a t
and o f  a l l  t h e s e  num bers, th e r e  i s  one w hich  i s  th e  s m a l le s t .* *
T h is  th eorem  C i s  p ro v ed  h e r e  f o r  th e  f i r s t  t im e ,  i t  b e in g  s ta te d  w ith o u t p r o o f  in  
A r t i c l e  X I I I .  The p r o o f depends on t h e  r e l a t i o n -
P*= £  (P "̂  ̂ -  ) r  pf^
1,1, ^ ........
w h ere o< i s  ary  p o s i t i v e  w h o le  number o f  th e  f i r s t  or secon d  number c l a s s ,  and on 
theorem . A a b o v e . I f  P* i s  en u m erab le , t h e  p e r f e c t  s e t  P '^inust v a n is h , and th e  th eorem  
f o l l o w s  a t  o n c e .
C antor a l s o  p o in ts  ou t th e  e rr o r  in  h i s  th eorem  o f  p age 21 o f  t h i s  a r t i c l e ,  in  
w h ich  h e  d iv id e d  an unenum erable d e r iv a t iv e  P* o f  a s e t  P in t o  tw o s e t s  R and S , and  
c la im e d  f o r  R t h e  p r o p e r ty  o f  b e in g  a r e d u c ib le  s e t .  That t h i s  l a s t  i s  n o t n e c e s ­
s a r i l y  t r u e  w as f i r s t  shown by  B en d ix so n , who h a s an  a r t i c l e  ( A r t ic l e  XXIV) in  t h i s  
same volivne o f  t h e  A c ta , B en d ixson  sums up th e  r e s u l t s  o f  h i s  in v e s t ig a t io n s  in  
f o u r  th eo rem s:
♦ -  S e e  p age 19 o f  t h i s  a r t i c l e .  
S e e  page 2 0 -1  o f  t h i s  a r t i c l e .
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c o n c er n in g  h i s  r e s e a r c h e s  on t h e  th e o r y  o f  s e t s .  We b e l i e v e  we s h a l l  r en d e r  ou r
rea d er s  a s e r v ic e  by f i r s t  r ep ro d u c in g  h e r e  in  French t h e  p r in c ip a l  a r t i c l e s  w h ic h
he h a s  a lr e a d y  p u b lis h e d  on t h e  s u b j e c t ;  th e y  a r e  in d is p e n s a b le  t o  t h e  u n d e r s ta n d in g
o f  t h e  new ones w h ich  a r e  t o  f o l l o w ,  and w h ich  w i l l  b e  p u b lis h e d  in  F r en ch . *
The t r a n s l a t i o n  h a s  b een  rev ie w e d  and c o r r e c te d  b y^ th e  a u th o r ,"
Then f o l l o w ,  in  t h e  n e x t  hundred p a g e s . A r t i c l e s  XIV t o  X X II, i n c l u s i v e ,  w h ich
(w ith  t h e  e x c e p t io n  o f  A r t i c l e  XVI, w h ich  m e r e ly  le a d s  up t o  Z^Tll and i s  in  i t s e l f
n o t e s s e n t i a l  in  t h e  th e o r y  o f  s e t s )  a r e  t r a n s l a t i o n s  o f  A r t i c l e s  IV , V I , I I ,  V I I ,
X , X I , X I I ,  and X I I I ,  o r i g i n a l l y  p u b lis h e d  i n  German in  C r e l le j a  jo u r n a l and i n  t h e
A n n a len . H ow ever, t h e y  can n ot b e  d is m is s e d  a s  m ere t r a n s la t io n a * -C a n to r  h a s  e v id e n t ly
r e v i s e d  them  r a th e r  c a r e f u l l y  b e fo r e  p u b l is h in g  them  in  F ren ch , and f o r  t h i s  r e a so n
t h e y  a re  w orth y  o f  n o t ic e  on t h e i r  own a c c o u n t . # e  h a v e  a lr e a d y * *  n o ted  tw o  p la c e s
w h ere in c o r r e c t  or am biguous s ta ten fâ n ts  in  th e  o r i g i n a l  a r t i c l e s  w ere c o r r e c te d  f o r
t h e  F rench  t r a n s l a t i o n ,  and i t  i s  v e r y  p o s s ib l e  t h a t  o th e r s  e x i s t .  A lso  s e v e r a l  o f
t h e  a r t i c l e s  w ere  a b r id g ed  som ewhat, e s p e c i a l l y  th e  t r a n s l a t i o n  o f  A r t i c l e  X I I I ,
w h ich  we saw c o n ta in e d  so  much i r r e le v a n t  m a tte r . In  t h e  t r a n s l a t i o n .  A r t i c l e  X X II,
t h i s  i s  o m it te d , and th e  a r t i c l e  i s  th u s  sh o r te n e d  more th a n  a t h i r d ,  w ith o u t  o m it t in g
a n y th in g  o f  v a lu e .  Thus i t  w ould  seem  th a t  a r e a d e r  who d id  n o t w ish  t o  r ea d  b o th
t h e  German and F rench a r t i c l e s ,  y e t  w ish e d  t o  do some r e s e a r c h  on t h e  s u b j e c t ,  m igh t
do b e t t e r  t o  rea d  th e  F rench  a r t i c l e s ,  rem em bering how ever w hen , and in  w hat o r d e r
t h e y  w ere  f i r s t  p u b lis h e d .
The "new a r t i c l e s "  on t h e  s u b je c t  w h ich  appear in  t h e  A cta  a r e  u n f o r t u n a t e ly
n o t p a r t i c u l a r l y  im p o rta n t—t h e y  w ere p r o b a b ly  w r i t t e n  more a s  a fa v o r  t o  M it t a g -
L e f f l e r  th a n  f o r  any o th er  r e a s o n . Most o f  t h e  m a te r ia l  in  them  i s  ta k e n  fro m  p r e -
* -  T h is  s e r i e s  o f  new a r t i c l e s  c o n s i s t s  o n ly  o f  A r t i c l e  X X III (A c ta  I I ) ,  A r t i c l e
XXVII (A cta  I V) ,  and A r t i c l e  XXX (A cta  V I l ) — th e  t h ir d  o f  w h ich  i s  in  German.
* * -  S ee  Page 6 ,  n o te  1 ,  and page 1 1 , n o te  3 .
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th em se lv es^  th ough  i t  i s  more co n v en ien t t o  d e f in e  t h e s e  two l a t t e r  q u a .lit l e s  f i r s t ,  
and th e n  d e f in e  a p e r fe c t  s e t  a s  one b e in g  b o th  c lo s e d  and dense in  i t s e l f ,  p e r f e c t  
s e t s ,  a s  Cantor p o in ts  o u t , a re  by no means alw ays everyw here d en se . * The s im ila r  
q u e s t io n  a s  t o  w hether a s e t  o f  th e  second s p e c ie s  i s  n e c e s s a r i ly  everyw here d en se  
has been r a is e d  and answered in  th e  n e g a tiv e  p r e v io u s ly .  The l a t t e r  i s  th e  more
g e n e ra l s ta te m e n t , s in c e  a p e r fe c t  s e t  i s  l y  d e f in i t i o n  a s e t  o f  th e  second  s p e c i e s ,
w h ile  a s e t  o f  th e  secon d  s p e c ie s  i s  not in  g e n e ra l a p e r fe c t  s e t ,  though i t s  f i r s t  
d e r iv a t iv e ,  i f  i t  i s  n o t enum erable, w i l l  c o n ta in  a p e r fe c t  s e t  as component.
Cantor g iv e s  an exam ple o f  a p e r fe c t  non-dense s e t ,  d e f in e d  a n a ly t i c a l ly ,  in  an 
J appendix t o  t h e  a r t i c l e  under d is c u s s io n .  ***
C a n to r 's  s ix t h  a r t i c l e  in  th e  s e r i e s ,  "Uber u n e n d lio h e , l in e a r e  P u n k m a n n ig fa ltig -  
k e ite n " , appeared in  A nnalen , X X III, (1 8 8 4 ) , but b e fo r e  t h i s ,  th e  second volume o f  
th e  A cta  M athem atica, M itta g -L e ff  1 e r ' s jo u r n a l, was p u b lish e d — a volume which c o n ta in s  
a c o l l e c t i o n  o f  a  g r ea t p a r t o f  th e  w r it in g s  on p o in t  s e t s  w hich  had appeared up t o  
1 8 8 3 , to g e th e r  w ith  two new papers on th e  s u b j e c t .  The s e r i e s  o f  a r t i c l e s  i s  preceded  
by an e d i t o r s  n o te : ****
 ̂ "M. G eorge Cantor has been k in d  enough t o  prom ise us a s e r ie s  o f  new a r t i c l e s
* -  "Sind k ein esw egs in  ihrem In n e r n .............U b e r a lld ic h t" , T h is seems t o  be a
r a th e r  lo o s e  e x p r e s s io n , as a s e t  i s  c e r t a in ly  everyw here dense in  an in t e r v a l ,  and 
n ot in  i t s  i n t e r i o r .
S e e  pages 10 and 12 o f  t h i s  p ap er ,
* * * - P age 5 9 0 , The example i s  reproduced in  Hobson, 1 1 8 , w ith  s l ig h t  changes
in  sym b ols, 3 .  J .  8 ,  Sm ith ( A r t ic le  V , page 1 4 7 -8 ) g iv e s  a s im ila r  exam ple, w hich  
h e u s e s  how ever in  an e n t i r e l y  d i f f e r e n t  c o n n e c tio n . H is a r t i c l e  d ates back t o  1875»
 ̂ when th e  th e o r y  o f  p o in t  s e t s  was h a r d ly  under w ay,
* * * * - Page 3 0 5 ,
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C a r d in a l n u n te r  can  a l s o  b e  a a d e  t h e  b a s i s  o f  a  c e r t a i n  a n a l y s i s  o f  s e t s —
"The s e t s  o f  p o in t s  P can  now b e  d iv id e d  a c c o r d in g  t o  t h e  c a r d in a l  number o f  th e i  
f i r s t  d e r i v a t i v e s  i n t o  tw o  c l a s s e s .  I f  P  ̂ h a s  t h e  c a r d in a l  number o f  t h e  f i r s t  
number c l a s s ,  t h e n ,  a s  h a s  a lr e a d y  b e e n  s t a t e d ,  t h e r e  i s  a  f i r s t  w h o le  num ber**  
of t h e  f i r s t  or  sec o n d  number c l a s s  f o r  w h ic h  P ^ ) d is a p p e a r s ,  But i f  P h a s  t h e  c a r ­
d in a l  number o f  t h e  s e c o n d  number c l a s s ,  * t h e n  P̂ '̂  can  a lw a y s ,  and i n  o n ly  o n e  w ay ,
be d iv id e d  i n t o  tw o s e t s ,  so  t h a t
P̂ *' % R4 - S ,  
w here R and S a r e  o f  v e r y  d i f f e r e n t  q u a l i t y .
"R i s  s o  c o n s t i t u t e d  t h a t  i t  i s  c a p a b le ,  th r o u g h  a  c o n t in u a t io n  o f  t h e  d e r i v a t i v e  
p r o c e s s ,  o f  a  c o n t in u a l  r e d u c t io n ,  ev en  t o  a n n i h i l a t i o n ,  s o  t h a t  t h e r e  i s  a lw a y s  a  
w h ole  number Y o f  t h e  f i r s t  or  se c o n d  number c l a s s  su c h  t h a t
r'̂  ̂ S  0 .  **
"Such a  s e t  R I  w i l l  c a l l  a  r e d u c ib le  s e t .  
f  " S , on  t h e  o th e r  h a n d , i s  s o  c o n s t i t u t e d  t h a t  th e  d e r i v a t i v e  p r o c e s s  p r o d u ce s  no 
change in  i t ,  t h a t  i s ,  S % S • Su ch  a  s e t  S I  s h a l l  c a l l  a  p e r f e c t  s e t . "
T h is  d e f i n i t i o n  o f  a p e r f e c t  s e t  p r e c e d e s  a n y th in g  on c l o s e d  s e t s  o r  s e t s  d e n s e  i n  
* -  C an tor o f  c o u r s e  i s  n o t  j u s t i f i e d  in  u s in g  t h i s  e x p r e s s io n — h e  m ean s, and  
sh o u ld  s a y ,  " th e  c a r d in a l  number o f  t h e  co n tin u u m ."
* * -  In  A c ta  I I  ( A r t i c l e  XXIV) B en d ix so n  g i v e s  an  exam ple t o  show t h a t  t h i s  i s
n o t  a lw a y s  t h e  c a s e .  R i s  a lw a y s  an  en u m erab le  s e t ,  and D (R , R^^) ^  0 ,  f o r  a  c e r ­
t a i n  Y o f  t h e  f i r s t  or  s e c o n d  number c l a s s ,  b u t R i s  n o t  n e c e s s a r i l y  a  r e d u c ib le
s e t .  In  c a s e  R happens t o  b e  a  c lo s e d  s e t ,  w h ic h  C antor a t  f i r s t  presu m ed  t o  b e
t h e  c a s e  a lw a y s ,  ( t h a t  i s ,  h e  c o n s id e r e d  i t  t o  b e  e x p r e s s i b l e  a s  t h e  d e r i v a t i v e  o f
a n o th e r  s e t ) ,  t h e n  R ^ ^  % 0 ,  f o r  some ^  .
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”l f  p i s  a p o in t  s a t  whose f i r s t  d e r iv e d  s e t  has th e  c a r d in a l number o f  th e  
f i r s t  number c l a s s ,  th e n  th e r e  a r e  w h o le  numbers o f  th e  f i r s t  or secon d  number 
c la ss  f o r  w h ich  P ^  »  0 , and o f  su ch  numbers ,  th e r e  i s  one s m a l l e s t .” *
C antor *s d is c u s s io n  o f  th e  d i f f e r e n t  form s o f  d e f i n i t i o n  o f  a r e a l  number ** 
lias a lr e a d y  b een  m entioned  * * * , and n eed  n o t co n cern  u s fu r t h e r  h e r e . F o llo w in g  
t h i s ,  h e  r e tu r n s  a g a in  t o  th e  m t t e r  o f  c a r d in a l number, making th e  s ta te m e n t:
"The i n v e s t i g a t i o n  and f i x i n g  o f  th e  c a r d in a l number o f  a co n tin u o u s  s e t  in  
an n -d im e n s io n a l domain r ed u ces  t o  th e  q u e s t io n  o f  f i x i n g  th e  c a r d in a l number o f  t h e  
l in e a r  continuum  in  t h e  in te i-v a l  ( 0 ,  l ) ,  **** I  hope t o  soon  be a b le  t o  show, th ro u g h  
a s t r i c t  p r o o f ,  t h a t  t h i s  c a r d in a l n u m b er .is  no o th er  th an  t h a t  o f  our secon d  number 
c la s s ;  From t h i s  i t  w ou ld  f o l lo w  t h a t  each  i n f i n i t e  s e t  o f  p o in t s  has e i t h e r  th e  
c a r d in a l number o f  th e  f i r s t  number c l a s s ,  or t h e  c a r d in a l number o f  t h e  second  
number c l a s s ,"  *****
* -  C antor s a y s ,  "The p r o o f o f  t h i s  th eorem  I  w i l l  p u b l is h  s h o r t ly ,  in  con seq u en ce  
of a f r i e n d l y  c h a lle n g e  o f  m y .fr ie n d . P r o f ,  W it t a g -L e f f le r  o f  S tock h o lm , in  th e  f i r s t  
volume o f  th e  new m a th em a tica l jo u r n a l e d i t e d  by him ." T h is  jo u r n a l i s  th e  A cta  M athe­
m atica , and th e  th eorem  a c t u a l ly  app ears in  V ol. I I ,  4 0 9 . S ee  A r t i c l e  X X III,
♦ * - P g , 5 6 3 -7 0 ,
* *♦ -1  Page 2 f f ,  o f  t h i s  p a p er ,
****- On a cco u n t o f  th e  th eorem  proved in  C r e l l e ,  V o l ,  8 4 , and q u o ted  on page ~| f f ,
of t h i s  a r t i c l e ,
*****_ The th eorem  has never  b een  p roved — se e  H obson, 2 2 4 , c ,  th e  c a r d in a l number 
of th e  l in e a r  contin uum  may, so  f a r  as i s  known, be e i t h e r  eq u a l t o ,  or g r e a te r  th a n ,  
the c a r d in a l  number o f  th e  seco n d  number c l a s s ,  ,\nd even  i f  i t  w ere known t h a t  c i s
equal t o  t h e  c a r d in a l  number o f  t h e  seco n d  number c l a s s ,  th e  n e x t  s ta tem en t w ou ld  n o t
n e c e s s a r i ly  f o l l o w .  Cantor seem s t o  assum e h e r e  t h a t  no c a r d in a l  number b etw een  a and 
c e x i s t s - - s e e  n o te  on page 1 0  o f  t h i s  p a p er .
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alem ent o f  t h e  s e t ;  a l s o ,  a f t e r  ea ch  in d iv id u a l  e le m e n t ( i f  i t  i s  n o t  t h e  l a s t ) ,  
another f i x e d  e lem en t im m e d ia te ly  f o l l o w s ,  and a f t e r  ea ch  f i n i t e  or i n f i n i t e  s e t  o f  
e le m e n ts , a n o th e r  f i x e d  e le m e n t im m e d ia te ly  f o l l o w s .  W e ll-o r d e r e d  s e t s  w i l l  h e  a a -  
' c r ih e d  t h e  same o r d in a l  number when a s im p le  r e c ip r o c a l  c o rr e sp o n d e n c e  o f  t h e  same 
I can b e  s e t  up su ch  t h a t ,  i f  E and P a r e  any tw o e le m e n ts  o f  one s e t ,  and E* and F* t h e  
I c o rre sp o n d in g  e le m e n ts  o f  t h e  o t h e r ,  th e n  t h e  p o s i t i o n  o f  B r e l a t i v e  t o  F i n  t h e  f i r s t  
s e t  i s  t h e  same a s  t h e  p o s i t i o n  o f  E* r e l a t i v e  t o  F ' in  t h e  se c o n d ,"
k
He c o n t in u e s ,
"The e s s e n t i a l  d i f f e r e n c e  b etw een  f i n i t e  and i n f i n i t e  s e t s  now a p p ea r s—-a f i n i t e  
s e t ,  no m a tte r  w hat o rd er  o f  s u c c e s s io n  we g iv e  i t s  e le m e n t s ,  h a s  t h e  same o r d in a l  
number, w h i le  on t h e  o th e r  hand an i n f i n i t e  s e t  w i l l  a s  a r u l e  h a v e  d i f f e r e n t  o r d in a l  
numbers a c c o r d in g  t o  th e  ord er o f  s u c c e s s io n  o f  t h e  e le m e n t s .  The c a r d in a l  number o f  
a s e t  i s ,  a s  we h ave  s e e n ,  an a t t r i b u t e  in d ep en d en t o f  t h e  o r d e r in g ;  t h e  o r d in a l  
number o f  a s e t  depends on t h e  mode o f  o r d e r in g , i f  we a r e  d e a l in g  w it h  i n f i n i t e  s e t s , "
T h is  d i s c u s s io n  le a d s  up t o  t h e  f o l l o w i n g  th eorem :
"Each s e t  o f  t h e  c a r d in a l  number o f  t h e  f i r s t  c l a s s  i s  en u m erab le  th ro u g h  numbers 
o f  t h e  seco n d  number c l a s s  * ,  and o n ly  th ro u g h  s u c h , and in  f a c t  t h e  s e t  can  a lw a y s  
be g iv e n  su ch  a  s u c c e s s io n  o f  i t s  e le m e n ts  t h a t  i t  becom es en u m era b le , f o r  t h i s  p a r ­
t i c u l a r  s u c c e s s io n ,  th ro u g h  an o p t io n a l  number o f  th e  sec o n d  number c l a s s , "
The u s e  o f  t r a n s f i n i t e  o r d in a ls  a l s o  makes i t  p o s s i b l e  t o  com bine Theorem s I I ,
I I I ,  1 7 , and V o f  t h e  p r e c e d in g  a r t i c l e — th eo rem s h a v in g  t o  do w ith  enum erab le s e t s —  
in t o  one theorem :
" I f  P i s  a s e t  w hose d e r i v a t i v e  v a n is h e s  f o r  some o f  th e  f i r s t  or  se c o n d  
number c l a s s ,  t h e n  i s  P^' ,  and a l s o  P i t s e l f ,  an en u m erab le  s e t ."
The c o n v e r se  o f  t h i s  th eo rem  a l s o  h o ld s :
• * -  That i s ,  h a s  i t s  o r d in a l  number or A nzahl e q u a l t o  some p a r t i c u l a r  number o f  
th e  sec o n d  number c l a s s .
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C e r ta in  o f  t h e  p e c u l ia r  a r i t h m e t ic  p r o p e r t ie s  o f  vr a r e  a l s o  commented u p on . ♦
J.+.W i s  e q u a l t o  w , t u t  w f  1 i s  n o t  e q u a l t o  w. 2w i s  e q u a l t o  a s  i s  a l s o
h e n c e  w can b e  reg a r d e d  a s  e i t h e r  an odd or  an ev en  number. w 2 ,  h o w ev er ,
'la  d i f f e r e n t  from  w . A more d e t a i l e d  d i s c u s s io n  o f  t h e  a d d i t io n  and m u l t i p l i c a t i o n  
Iof t r a n s f i n i t e  o r d i n a l s ,  and in  g e n e r a l  a  more advanced  tr e a tm e n t o f  o r d i n a l s ,  a p p ea rs  
I'in a  l a t e r  a r t i c l e ,
[ That an id e a  so  n o v e l and a b s t r a c t  a s  t h a t  o f  t r a n s f i n i t e  o r d in a ls  sh o u ld  b e  s o  
'c o m p le te ly  and f u l l y  w orked o u t by a s i n g l e  man in  h i s  f i r s t  a r t i c l e  on t h e  s u b j e c t  
i s  in d e e d  im p r e s s iv e  t e s t im o n y  t o  t h e  g e n iu s  o f  t h a t  man. Such  te s t im o n y  a p p ea rs  
aga in  and a g a in  i n  t h e  w orks o f  C a n to r , b u t n ev er  more c o n v in c in g ly  th a n  h e r e .
The o th e r  m a tte r  o f  im p o rta n ce  in  t h i s  a r t i c l e  i s  a d i s c u s s io n  o f  c a r d in a l  
fnumber and o r d in a l  num ber, le a d in g  up t o  s e v e r a l  th eo r e m s,
♦♦♦"To e a ch  w e l l - d e f i n e d  s e t  b e lo n g s  a f i x e d  c a r d in a l  num ber, and tw o s e t s  w i l l  b e  
a sc r ib e d  t h e  same c a r d in a l  number i f  t h e y  can be p u t in  o n e - t o -o n e  c o rr e sp o n d e n c e .
**With f i n i t e  s e t s  t h e  c a r d in a l  number c o in c id e s  w ith  t h e  o r d in a l  number o f  t h e  
e le m e n ts , W ith ^ n f in it e  s e t s ,  a f i x e d  c a r d in a l  number, in d ep en d en t o f  t h e i r  o r d e r in g ,  
w i l l  b e  a s c r ib e d  th em .
"The s m a l l e s t  c a r d in a l  number o f  i n f i n i t e  s e t s ,  a s  i s  e a s i l y  p ro v ed , must b e  a s ­
c r ib e d  t o  t h o s e  s e t s  w h ich  can b e  p la c e d  in  o n e - t o -o n e  co rresp o n d en ce  w ith  th e  f i r s t  
number c l a s s . "
He t u r n s  a s id e  h e r e  f o r  a moment t o  d e f in e  a w e l l - o r d e r e d  s e t -  ♦♦♦♦
♦♦♦*|*By a  w e l l - o r d e r e d  s e t  i s  u n d e r s to o d  a  w e l l - d e f in e d  s e t  in  w hich  th e  e le m e n ts  
are j n in ad th ro u g h  a  c e r t a in  g iv e n  s u c c e s s io n ,  a c c o r d in g  t o  w h ich  th e r e  i s  a f i r s t
♦ -  P age  5 5 8 .
♦ ♦ -  A r t i c l e  XXXIV,
♦ ♦ ♦ - P age  5 4 8 ,
♦ ♦ ♦ ♦ - " w o h lg eo rd n e te  Mange"— S e e  H obson, 2 1 1 ,
Ik
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g r e a t e s t ."
We th a n  p o s t u la t e  a  seco n d  p r in c ip le  o f  g e n e r a t io n  (Any i n f i n i t e  s e q u e n c e  o f  num­
b ers su ch  t h a t  t h e r e  i s  no g r e a t e s t  number s h a l l  b e  fo l lo w e d  b y  a  new num ber, w h ic h  i s  
o r d in a l ly  g r e a t e r  th a n  a l l  t h e  numbers o f  t h e  s e q u e n c e , b u t w h ich  has no number im­
m e d ia t e ly  p r e c e d in g  i t ) ,  w it h  w hose a id  we d e f in e  a  new number w , w h ich  f o l l o w s  a l l  
th e  p o s i t i v e  i n t e g e r s .  Now u s in g  th e  f i r s t  g e n e r a t io n  p r i n c i p l e ,  we o b ta in  t h e  num­
b ers  w +. 1 ,  W4» 2 ,  . . . . .  w 4.V ; and , w it h  t h e  a id  o f  t h e  seco n d  p r i n c i p l e ,  t h e  number
«• Z ,*  S im i la r ly  we o b ta in  w .3 ,  w .3f" v , .  .w . K . . . . . .  w ,  w ,  w ,  a n d , in
g e n e r a l ,  numbers o f  th e  form
V .w *  4. V, W**" + ..................  Tf 4- V/t J
where K , v , ,  v, ,  ............. v^  can have any p o s i t i v e  w h o le  number v a lu e s *
The seco n d  p r in c ip le  w i l l  g iv e  u s a number w^, f o l l o w in g  a l l  su ch  num bers, and  
s im i la r ly  we g e t  . . . . . .  and so  on in  n e v e r  en d in g  s u c c e s s io n .  Numbers w h ich  can
be th u s  form ed by t h e s e  tw o p r in c ip le s  o f  g e n e r a t io n  a r e  d e f in e d  as numbers o f  t h e  
secon d  c l a s s  ( I I ) .  Cantor th e n  p o s t u la t e s  t h e  e x i s t e n c e  o f  a  new number f L ,  f o l l o w i n g  
a l l  su ch  num bers, and form in g  th e  f i r s t  number o f  an ev en  more e x t e n s iv e  t h ir d  number 
c l a s s .  H ere he a l s o  p ro v es  tw o th eorem s:
1 )  The s e t  o f  numbers w h ich  p reced e  any p a r t ic u la r  number o f  t h e  seco n d  number
c la s s  i s  en u m erab le , **
2 )  The com p lete  s e t  o f  numbers o f  th e  seco n d  number c l a s s  i s  n o t  enumerable,
th a t  i s ,  h a s  a c a r d in a l  number d i f f e r e n t  from  t h a t  o f  t h e  f i r s t  c l a s s .
H ere Cantor u s e s  2w in  t h i s  c o n n e c t io n , bu t in  A r t i c l e  XXXIV, 5 0 3 , h e  u s e s  
I W .2. S ee  a l s o  H obson, page 8 9 . 2w i s  eq u a l t o  w , b y  d e f i n i t i o n  o f  m u l t i p l i c a t i o n  o f  
t r a n s f i n i t e  num bers, and h en ce  sh o u ld  n o t b e  u s e d  h e r e .
* * - H obson, 9 1 .
* * * -  H obson , 9 2 .
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in  th e  n a tu r e  o f  a j u s t i f i c a t i o n  o f ,  a lm o st a s  he h im s e lf  s a y s ,  an a p o lo g y  f o r ,  
c e r ta in  in o v a t io n s  (su c h  as th e  in tr o d u c t io n  o f  t r a n s f i n i t a  o r d in a ls )  w h ich  he  
f i s h e d  t o  make, in  th e  fa c e  o f  much a d v erse  c r i t i c i s m  from  o th er  m a th em a tic ia n s . 
However, th e  n o n -p h ilo s o p h io a l p a r t  o f  t h e  a r t i c l e  c o n ta in s  m a te r ia l o f  th e  h ig h e s t  
im p ortance— and perhaps th e  m ost im p ortant i s  th a t  on t r a n s f i n i t e  o r d in a l numbers • 
Cantor s a y s ,  •
"The c o n t in u a t io n  o f  th e s e  in v e s t ig a t i o n s  depends on an e x te n s io n  o f  th e  id e a  
of r e a l ,  w h o le  numbers— and in d eed  an e x te n s io n  w hich , I  b e l i e v e ,  has never  been  
even s u g g e s te d  b e fo r e  t h i s .
i  "The dependence in  w hich  I  s e e  n y s e l f  p la c e d  on t h i s  e x te n s io n  o f  th e  number 
id ea  i s  so  g r e a t  t h a t ,  w ith o u t i t ,  i t  w ould s c a r c e ly  be p o s s ib le  fo r  me t o  ta k e  th e  
s m a lle s t  s t e p  forw ard  in  th e  th e o r y  o f  s e t s ;  th e r e  m ight in  t h i s  c ircu m stan ce  b e  fou n d  
a j u s t i f i c a t i o n  o f ,  or  i f  n e c e s s a r y , an a p o lo g y  f o r ,  my in tr o d u c t io n  o f  a p p a ren tly  
s tra n g e  id e a s  in t o  vay d i s c u s s io n .  For th e  e x te n s io n  in  q u e s t io n  i s  a m atter  o f  th e  
c o n tin u a t io n  o f  t h e  r e a l  w h ole  number s e r i e s  in t o  th e  rea lm  o f  th e  i n f i n i t e ;  p e r i lo u s  
as t h i s  may a p p ea r , I  ex p r ess  n o t  o n ly  th e  hope b ut th e  firm  c o n v ic t io n  th a t  t h i s  ex ­
t e n s io n  w i l l ,  w ith  t im e , come t o  be regard ed  as q u ite  s im p le , s u i t a b l e ,  and n a t u r a l .
But I  b y  no means c o n c e a l t h a t  I  am p la c in g  m y s e lf ,  w ith  t h i s  u n d er ta k in g , in  a c e r t a in  
o p p o s it io n  t o  w id esp rea d  v ie w s  on m ath em atica l i n f i n i t y  and t o  fr e q u e n t ly  r e p r e se n te d  
view s on  t h e  n a tu r e  o f  th e  number m agn itud e."
He th e n  d e f in e s  th e  two p r in c ip le s  o f  g e n e r a t io n  "w ith  th e  h e lp  o f  w hich  t h e  
new p o s i t i v e  t r a n s f i n i t e  numbers w i l l  be d e f in e d " .
"The fo r m a tio n  o f  th e  f i n i t e  w hole numbers ** (numbers o f  th e  f i r s t  number c l a s s )  
depends on th e  p r in c ip a l  o f  add ing u n it y  t o  a number a lr e a d y  form ed. The number o f  
the numbers o f  th e  1 s t  c l a s s  form ed in  t h i s  manner i s  i n f i n i t e ,  and among them  i s  no
* -  Page 545 . 
Page 5 7 7 .
»
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%ere t h a t  t h i s  i s  p erh ap s th e  one im p ortan t p o in t  in  w h ich  C a n to r’ s id e a s  or m ethods  
have b een  im proved upon t o  any e x t e n t .  The id e a  o f  th e  " co n ten t"  o f  a s e t  o f  p o i n t s ,  
as fo r m u la te d  by C an tor , S a rn a ck , P asch  and S t o lz  * in  p a r t i c u l a r ,  has b e e n  a lm o s t  en ­
t i r e l y  r e p la c e d  by th e  more u s e f u l  n o t io n  o f  "m easure" , w h ich  was d ev e lo p ed  a f t e r  1 9 0 1 .  
The d i f f e r e n c e  o f  co u rse  i s  m erely  a m a tter  o f  w h e th er  or n o t we a llo w  an i n f i n i t e  
number o f  e n c lo s in g  i n t e r v a l s .  H ow ever, t o  r e tu r n  t o  C a n to r 's  r e f e r e n c e ,
"In in v e s t ig a t i o n s  w h ich  ^ s s r s .  Du B o is  Reymond ** and Harnack *** h ave  made in  
g e n e r a l iz in g  c e r t a in  th eorem s o f  i n t e g r a l  c a l c u lu s ,  l in e a r  p o in t  s e t s  have b een  u se d  
which have t h e  q u a l i t y  t h a t  th e y  can be e n c lo s e d  in  a f i n i t e  number o f  i n t e r v a l s ,  s o  
th a t th e  sum. o f  a l l  th e  in t e r v a l s  i s  o p t io n a l ly  s m a l l ,
"In o rd er  t h a t  a l i n e a r  s e t  may p o s s e s s  t h i s  q u a l i t y  i t  i s  e v id e n t ly  n e c e s s a r y  t h a t  
i t  be ev eryw h ere  d en se  in  no e v e r - s o - s m a l l  i n t e r v a l ,  y e t  t h i s  l a s t  c o n d it io n  i s  n o t  
s u f f i c i e n t  t o  c o n fe r  upon a s e t  t h e  m en tion ed  p r o p e r ty . A n e c e s s a r y  c o n d it io n  i s  
g iv e n  in
Theorem V I-  I f  a l in e a r  p o in t  s e t  P c o n ta in e d  in  an in t e r v a l  ( a ,  b )  i s  su ch  t h a t  
i t s  d e r iv a t iv e  P ' i s  en u m erab le , th e n  i t  i s  a lw ays p o s s ib le  t o  e n c lo s e  th e  p o in t s  o f  P 
in  a f i n i t e  number o f  in t e r v a l s  w ith  a  sum o p t io n a l ly  s m a ll ."
C a n to r 's  n e x t  a r t i c l e  ( A r t ic le  X I I l )  i s  a lo n g ,  r a th e r  d is c o n n e c te d  d i s c u s s io n ,  
w hich i s  a s  much p h i lo s o p h ic a l  in  n a tu r e  a s  i t  i s  m a th e m a tic a l. A good d e a l  o f  t h e  
p h ilo s o p h ic a l  m a tter  w ou ld  appear t o  b e  a lm o st u n i n t e l l i g i b l e  t o  th e  r e a d e r  w ith  o n ly  
an a v era g e  know ledge o f  German, and can in d eed  be e n t i r e l y  o m itte d  h e r e — i t  i s  l a r g e l y
* -  The develop m en t o f  t h i s  id e a  i s  c o n ta in ed  in  A r t i c l e s  XXV, XXVI, XXXII, X X X III, 
w hich w i l l  be d is c u s s e d  l a t e r .
* * -  T h is  i s  p ro b a b ly  in  A r t i c l e  V III  or IX , th ou gh  I  was u n a b le  t o  f in d  t h e  e x a c t  
p la c e .
* * * - A nn alen  XIX, 235 t o  2 7 9 , e s p e c i a l l y  238 f f .
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h e g iv e s  i t  i s  t o o  lon g  t o  reproduce p r o f i t a b ly ;  i t  r e s t s  e s s e n t i a l l y  on th e  
fa c t  t h a t  in  any e v e r - s o - s m a ll  in t e r v a l  r e a l  numbers appear w hich a re  n o t in  a g iv e n  
everywhere d en se  s e t .  Cantor seems more in t e r e s t e d  in  th e  p h ilo s o p h ic a l  s id e  o f  th e  
theorem  th a n  in  th e  m a th em a tica l, em ph asizing  p a r t ic u la r ly  th e  p o s s i b i l i t y  o f  con­
tin u ou s m otion  in  a n o n -con tin u ou s sp a c e .
In  A r t i c l e  X II  appears f o r  th e  f i r s t  tim e  an im p ortan t s e t  o f  theorem s co n cern in g  
the e n u m e r a b ility  o f  s e t s  under c e r ta in  c o n d it io n s .  In tr o d u c to r y  t o  th e  th eo rem s. 
Cantor d e f in e s  an i s o la t e d  s e t  Q as  one fo r  w hich  D (Q ,Q ') ^  0 ,  I t  i s  th en  n o t a 
d i f f i c u l t  m atter  t o  prove
Theorem I -  Each i s o la t e d  s e t  i s  enum erable. *
now i f  from  any s e t  P we remove th e  s e t  D (P ,P * ), th e  rem ainder Q i s  by d e f in i t i o n
an i s o l a t e d  s e t ,  and hence enum erable. That i s ,
P =  Q i-D (P ,P ') .
Now i f  P ’ i s  enum erable, D (P ,P ') ,  w h ich  i s  a  p a r t o f  P ’ , i s  a t  most enum erable, hen ce
Q -h D (P ,P '), and hence P , i s  enum erable. We have th en
' Theorem I I -  I f  th e  d e r iv a t iv e  P* o f  a s e t  P i s  enum erable, th en  P i s  a ls o  
enum erable.
By an e x te n s io n  o f  th e  above method o f  p ro o f we e a s i l y  a r r iv e  a t
Theorem I I I -  Each p o in t  s e t  o f  th e  f i r s t  s p e c ie s  and n - th  order i s  enum erable.
Theorem IV - Each p o in t  s e t  P o f  th e  second  s p e c ie s  f o r  w hich  P^^is enum erable i s  
i t s e l f  enum erable.
Theorem V - Each p o in t  s e t  P o f  th e  second s p e c ie s  fo r  w hich  P̂ '̂  i s  enum erable i s
i t s e l f  en u m erab le, a  b e in g  a  number o f  th e  form(oo
We a ls o  f in d  h ere  C a n to r 's  f i r s t  r e fe r e n c e  t o  any m e tr ic a l p rop erty  o f  a p o in t
s e t ,  w h ich  c o n ta in s  th e  germ o f  th e  id e a  o f  th e  " c o n te n t” o f  a s e t .  We m ight m ention
S ee  H obson, 9 9 ,
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to  o t h e r s ,  m e r e ly  p o in t in g  o u t t h a t  t h e  id e a s  o f  l i m i t  p o i n t ,  d e r iv e d  s e t ,  e v e r y w h e r e -  
d e n s e n e a s , and o f  c a r d in a l  num ber, a r e  a p p l ic a b le  im m e d ia te ly  t o  s e t s  in  dom ain s o f  
a d im en sio n s*
T here n e x t  a p p ears a r e v ie w  and c o n t in u a t io n  o f  t h e  d i s c u s s io n  o f  c a r d in a l  num­
b e r , w h ic h  le a d s  up t o  t h e  f o l lo w in g  th eo rem  on s e t s  o f  i n t e r v a l s ,  a th eo r e m  "w hich  
has m a n y -b e a u t ifu l  a p p l ic a t io n s  in  th e  T h eory  o f  Numbers and T h eory  o f  F u n c tio n s* "
" In  an n - d im e n s io n a l ,  everyw h ere  i n f i n i t e l y  e x te n d e d , c o n tin u o u s  sp a c e  A , l e t  
th e r e  b e  d e f in e d  an i n f i n i t e  number o f  n -d im e n s io n a l c o n tin u o u s  s u b - s p a c e s ,  s e p a r a t e  
from  e a c h  o t h e r ,  and a t  m ost a d j o in in g  on t h e i r  b o u n d a r ie s ;  t h e  s e t  o f  a l l  t h e s e
[ s u b -sp a c e s  i s  a lw a y s  en u m era b le ."
The p a r t i c u l a r  c a s e  o f  t h i s  th eo rem  f o r  w h ich  n i s  e q u a l t o  1 i s  m ost im p o rta n t
I
in  t h e  s tu d y  o f  l in e a r  s e t s  o f  p o i n t s .  The p r o o f  f o r  t h i s  c a s e  i s  v e r y  s im p le ,  * and 
y e t  i t  can  b e  made th e  b a s i s  f o r  th e  p r o o f  o f  th e  g e n e r a l  th e o r e m . ** C antor p r o v e s  
1 th e  g e n e r a l  th eo r e m  f i r s t ,  and in  a manner a l i t t l e  d i f f e r e n t  fro m , and m ore d i f f i c u l t  
th a n , t h a t  u s e d  b y  H obson, th à u g h  t h e  l a t t e r  seem s t o  b e  o n ly  an a d a p ta t io n  o f  t h e  
fo rm er .
I I n  t h i s  a r t i c l e  C antor a l s o  p r d v e s  a n o th e r  rem ark ab le  and i n t e r e s t i n g  th eo rem
w hich d o e s  n o t ap p ear in  H obson or  i n  any o th e r  a r t i c l e  w h ic h  I  r e a d . L et u s  c o n s id e r  
a p o in t  s e t  (M ), w h ich  i s  ev ery w h ere  d en se  in  an n - d im e n s io n a l ,  c o n t in u o u s , c o n n e c te d  
domain A , and w h ich  i s  a l s o  an enum erab le s e t .  "Let na c o n c e iv e  t h e  s e t  M rem oved from  
th e  dom ain A , and t h e  th e n  rem a in in g  dom ain d e n o te d  b y ^ ( ,  th e n  t h e  rem a rk a b le  th eo r e m  
e x i s t s  t h a t ,  f o r  n »  2 ,  t h e  d o m a in H d o es n o t  c e a s e  t o  b e  c o n t in u o u s ly  c o n n e c te d , t h a t  i s ,  
two p o i n t s ,  N and N' o f  t h e  domain It can  a lw a y s be j o in e d  b y  a c o n tin u o u s  l i n e  w h ic h  
b e lo n g s ,  w it h  a l l  i t s  p o i n t s ,  t o  U  > s o  t h a t  i t  c o n ta in s  no p o in t s  o f  M," The p r o o f
* -  S e e  H obson , 9 7 .  
* -  S e e  H ob son , 9 8 ,
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d e r iv a t iv e  o f  P o f  ord er*» . I f  t h i s  s e t  h a s  a d e r iv a t iv e ,  we d en o te  i t  by  ̂ ,  and 
by u s in g  t h e s e  two methods o f  form ing d e r iv a t iv e s ,  we o b ta in  d e r iv e d  s e t s  o f  th e  gen­
era l form :
irhere a l l  th e  n ’ s  a re  f i n i t e ,  and v  may be f i n i t e  or i n f i n i t e ,  *
For s e t s  o f  th e  f i r s t  s p e c i e s ,  P̂ “* *  0 ,  and a l s o ,  i f  P*^= 0 , th e  s e t  i s  o f  th e  f i r s t  
s p e c ie s .  H ence th e  r e la t io n  P ^ =  0  c o m p le te ly  c h a r a c te r iz e s  a s e t  o f  th e  f i r s t  s p e c i e s .  
C antor a ls o  in d ic a t e s  a s im p le  method o f  form ing a s e t  o f  th e  second s p e c ie s ,  
for w h ich  P^^ i s  eq u a l t o  a s in g le  p o in t .  T his p a r t ic u la r  in t e r v a l  i s  a ls o  in  no 
in te r v a l  everyw here d e n se , th u s answ ering in  th e  n e g a t iv e  a  q u es tio n  a lrea d y  r a is e d  
in  A r t i c l e  V II  as t o  w hether a s e t  o f  th e  second  s p e c ie s  i s  n e c e s s a r i ly  everyw here  
dense, **
In  A r t i c l e  X I , Cantor f i r s t  d is c u s s e s  th e  p o s s i b i l i t y  o f  ex ten d in g  th e  id e a s  and 
theorems a lr e a d y  d e f in e d  fo r  l in e a r  s e t s  t o  s e t s  in  2 ,  3 ,  or n d im en sion s, " i t  can  
be assumed b efo reh a n d " , he s a y s ,  " th a t most o f  th e  q u a l i t i e s  and r e la t io n s  ap p earin g  
in c o n n e c tio n  w ith  l in e a r  s e t s  can be proved , w ith  obviou s m o d if ic a t io n s , fo r  s e t s  in  
2, 3 , or n -d im e n s io n a l dom ains,"  And h e  i s  s a t i s f i e d  t o  le a v e  most o f  t h i s  e x te n s io n
* -  T h is  d is c u s s io n  p reced es a n yth in g  on t r a n s f i n i t e  o r d in a ls .  The lo g i c a l  
order (and t h a t  fo llo v /e d  by Hobson) would se e n  t o  be one in  which t r a n s f i n i t e  o r d in a ls  
were in tr o d u c e d  f i r s t .
S e v e r a l  exam ples o f  s e t s  o f  th e  second  s p e c ie s  are g iv e n  in  A r t ic le  X X 7III, 
( l l i t t a g - L e f f l e r ) ,  p g . 5 6 f f ,  and m ost o f  th e s e  a re  quoted in  Hobson, 9 6 . We have h e r e  
a s e t  f o r  w h ich  P ( ^ c o n s is t s  o f  th e  s in g le  p o in t  z e r o , one fo r  w hich p c o n s i s t s  o f  
a f i n i t e  number o f  p o in t s ,  and one f o r  w hich P e x i s t s .  T his l a s t  sh o u ld  be w r i t t e n
2w (bj’- d e f i n i t i o n  o f  th e  r u le  fo r  m u lt ip ly in g  w ith  t r a n s f i n i t e  o r d in a ls )  a  w , 
w h ile  w*2 w . Hobson ? /r ite s  t h i s  c o r r e c t ly  when he q u o tes  th e  exam ple.
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The c a r d in a l  number o f  a  s e t  i s  a l s o  d i s c u s s e d  h e r e ,  in  a manner s i m i l a r  t o  t h a t  
o f  t h e  p r e r io u s  d i s c u s s i o n  o f  A r t i c l e  V I ,  He c o n s id e r s  a g a in  en u m erab le  s e t s ,  g iv in g  
ta s  ex a m p les  t h e  a g g r e g a t e s  o f  a l l  r a t i o n a l  and o f  a l l  a lg e b r a ic  n u m bers, an d  s e t s  o f  
th e  pow er o f  t h e  con tin u u m , and c o n c lu d e s ,  "W hether t h e s e  tw o c l a s s e s  a r e  t h e  o n ly  ones 
j.n w h ic h  p o in t  s e t a  f a l l ,  s h a l l  n o t  y e t  b e  exa m in ed . On t h e  o th e r  h a n d , w e s h a l l  prove 
^ h a t t h e s e  tw o a r e  i n  h e a l  i t  y  d i f f e r e n t  c l a s s e s . ” Then f o l l o w s  a g a in  t h e  p r o o f  o f  
A r t i c l e  IT , p a g e  2 6 0 , and o f  H obson» p a g e  8 1 .
f .  A r t i c l e  X , a* c o n t in u a t io n  o f  V I I I ,  w as p u b lis h e d  i n  1 8 8 0 , I t  i s  c o n c e r n e d  la r g e l;  
w it h  t h e  in t r o d u c t io n  o f  c e r t a i n  sym b ols and d e f i n i t i o n s ,  w h ose p u rp o se  i s  t o  f a c i l i -  
ta t e ;  t h e  s ta te m e n t  o f  l a t e r  th e o r e m s , e t c .  Thus we f i n d  in tr o d u c e d  th e -  e x p r e s s io n s  
P 2 Q ,;  P P ^ , P , ,  ............^ :  M ( P, ,  P ^ , ................. ) r  D ( P, ,  P ^ ,  ) * * ,  w%0S8
m eaning we n eed  n o t  s to p ^ to  d i s c u s s .  A ls o  h e  a d o p ts  0  a s  a  sym bol t o  e x p r e s s  t h e  a b -  
f s e n c e  o f  p o i n t s ,  w ith o u t  a d o p t in g  one t o  u s e  in  c a s e  a  s e t  c o n s i s t s  o f  t h e  s i n g l e  p o in  
$ o r  z e r o .  The e q u iv a le n c e  o f  tw o s e t s  i s  e x p r e s s e d  b y  Pv%Q.
T h is  a r t i c l e  a l s o  c o n ta in s  t h e  in t r o d u c t io n  o f  t h e  id e a  o f  t r a n s f i n i t e  d e r iv a t iv e s  
I f  P b e lo n g s  t o  t h e  seco n d  s p e c i e s ,  th e n  w i l l  P | be com posed o f  tw o e s s e n t i a l l y  d i f ­
f e r e n t  s e t s ,  Q and R , s o  t h a t  P * £  o f  w h ic h  Q c o n s i s t s  o f  t h o s e  p o in t s  o f  P*
w hich  a r e  l o s t  b y  p r o c e e d in g  f a r  enough  i n  t h e  s e r i e s  P * , P ” ,  P ' * ’ ,  ............ ; t h e  o t h e r ,
I R, c o m p r ise s  t h o s e  p o in t s  w h ic h  rem ain  c o n ta in e d  in  a l l  members o f  t h e  s e r i e s  P * , p '* ,  
R th e n  i s  d e f in e d  th r o u g h  th e  r e l a t i o n -
R =  D ( p | ,  p ; * ,  p ' * ' ,  ................. )
T h is  s e t  R w i l l  now be e x p r e s s e d  th ro u g h  t h e  sym bol P and w i l l  b e  c a l l e d  t h e
* -  He l a t e r  r e p la c e s  t h i s  by  P =  P, f  P^ ^ P , *.   S e e  A r t i c l e  X I I ,  5 1 .
He u s e s  s c r i p t  l e t t e r s  f o r  t h e  M and D, w h ich  seem s u n n e c e s s a r y .
-  T h is  sym bol i s  l a t e r  r e p la c e d  b y  P̂ ***', Even in  t h e  t r a n s l a t i o n  o f  t h i s  A r t i c l e  
w hich  a p p ea r s  in  A c ta  I I  (1 8 8 3 )  ( A r t i c l e  X IX ), h e  u s e s  P̂  % th o u g h  i n  A n n a len  XXI (188! 
( A r t i c l e  X I I ) ,  h e  s t i l l  u s e s  P L
* * * .
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ja te r  t o  t h e  e x a c t  s o lu t io n  o f  t h i s  q u e s t io n ."  *
W ith A r t i c l e  V I I ,  we come t o  th e  f i r s t  d is c u s s io n  d e v o te d  s o l e l y  t o  p o in t  s e t s ,  
•p u n k tm a n n ig fa lt ig k e ite n  ,  Cantor c a l l e d  them  f i r s t ,  a term  h a r d ly  d e s ig n e d  t o  a t t r a c t  
r ea d er s . He l a t e r  ad op ted  t h e  more co n v e n ie n t term  "punktmenge". The m a te r ia l o f  
th is  a r t i c l e  i s  l a r g e l y  a c o l l e c t i o n  o f  w hat had a lr e a d y  appeared in  H ,  IV , and V I .  
The d e r iv a t iv e  id e a  i s  a g a in  e x p la in e d , and i s  ex ten d ed  t o  cover th e  c a s e  w here " th e
s e r ie s  o f  d e r iv e d  s e t s  o f  P , t h a t  i s ,  th e  s e r i e s  P ' ,  P " ,  ................ c o n tin u e s  w ith o u t
end." In  t h i s  c a s e  we c a l l  P a s e t  o f  th e  seco n d  s p e c i e s .  He a l s o  p o in ts  out " th a t  
a ll  p o in t s  o f  P ' * ,  P "  a r e  a ls o  p o in ts  o f  P ' ,  w h i le  a p o in t  b e lo n g in g  t o  P' i s
not n e c e s s a r i l y  a p o in t  o f  P", th ough  he does n o t a s  y e t  u s e  t h i s  q u a l i t y  t o  d e f in e  a 
c lo se d  s e t .  A s e t  everyw here d en se  in  an I n t e r v a l  ( a ,  b )  i s  h ere  d e f in e d  f o r  t h e  
f i r s t  t im e ,  and t h e  f a c t  t h a t  such  a s e t  P has f o r  i t s  d e r iv a t iv e  (o r  a t  l e a s t  f o r  a  
part o f  i t s  d e r iv a t iv e )  a l l  t h e  p o in ts  o f  ( a ,  b ) i s  m en tio n ed . The c o n c lu s io n  i s  th en  
drawn t h a t  a s e t  o f  th e  f i r s t  s p e c ie s  cannot p o s s ib ly  be everyw here d en se  a s an e v e r y ­
where d e n se  s e t  i s  c l e a r l y  o f  t h e  secon d  s p e c i e s .  The q u e s t io n  as t o  w h e th er , con­
v e r s e ly ,  a s e t  o f  t h e  secon d  s p e c ie s  must be everjnvhere d en se  i s ,  fo r  th e  tim e  b e in g ,  
l e f t  o p e n . **
* -  A s ta te m e n t  s im ila r  t o  t h i s  ap p ears perhaps h a l f  a dozen  tim es  in  C a n to r 's  
w r it in g s ,  som etim es w ith  th e  n o te  th a t  he had not y e t  proved i t ,  and som etim es as  
though i t  had b een  p roved . The s ta tem en t h as b een  proved  t o  be tr u e  fo r  a  v e r y : la r g e  
c la s s  o f  l in e a r  p o in t  s e t s  ( s e e  n o te  on page I S  b e lo w ) , b u t has n o t b een  proved  f o r  
l in e a r  s e t s  in  g e n e r a l .
* * -  C a n to r 's  term  f o r  "everynvhere dense" i s  " u b e r a lld ic h t" . Du B o is  Reymond u s e s  
" p a n ta sch isch e"  or " a p a n ta sch isch e"  in  a s im i la r  s e n s e .  (S ee  A r t i c l e  V I I I ,  2 8 7 - 8 ) ,
"l c a l l  a 'p a n ta s c h is c h e '  d i s t r ib u t io n  o f  a p o in t  s e t  in  an in t e r v a l  sucli a  d i s t r i ­
b u tio n  t h a t  in  ea ch  s m a lle s t  e x ta n t  o f  th e  in t e r v a l ,  p o in t s  w hich  b e lo n g  t o  t h e  s e t  
are met w it h ."  (S e e  a l s o  A r t i c l e  IX , 1 2 7 - 8 ) .
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Wé h a r e  th e n  t o  prove t h e  th eo rem -
I I  A v a r ia b le  number e  w h ich  can ta k e  on a l l  i r r a t i o n a l  v a lu e s  in  t h e  i n t e r v a l  
oan b e  p u t i n  o n e - t o -o n e  co rresp o n d en ce  w ith  a  v a r ia b le  number x ,  w h ic h  ca n  
o n  a l l  r e a l  v a lu e s  in  th e  i n t e r v a l  ( 0 ,  1 ) ,  so  t h a t  t o  ea ch  v a lu e  o f  e ,  one and  
Ly one v a lu e  o f  x  c o r r e sp o n d s , and c o n v e r s e ly .
Prom t h i s  ou r o r i g i n a l  th eorem  f o l l o w s ,  a  th eorem  w h ich  s i m p l i f i e s  p o in t  s e t  
Itlw ory  im m ensely^ in  t h a t  in  many c a se s  we can  r e p la c e  a  p -d im ens io n a l  s e t  b y  a  l in e a r
Ï *
;g«t w ith o u t  l o s s  o f  g e n e r a l i t y .
i l h  t h i s  a r t i c l e  a l s o  a p p ears t h e  p r o o f o f  th e  th eo rem  t h a t  t h e  ag g reg a te^  o f  a l l  
k s t l o n a l  numbers ( i n  p a r t ic u la r  t h o s e  betw een  0  and 1 ,  in c lu d in g  0  and 1 )  i s  en u m erab le . 
Ifh ta  "odnrse f o l lo w s  from  t h e  th eo rem , a lr e a d y  p r o v e d , t h a t  a l l  r e a l  a lg e b r a ic  numbers 
[form an enum erable a g g r e g a te , b u t th e  p r o o f  h e r e  i s  d i f f e r e n t ,  and t h e  th eorem  d e s e r v e s  
[a p la c e  o f  i t s  own* In  H obson, i t  p r e ce d e s  th e  o th e r ,  more g e n e r a l  th eo rem , w h ic h  i s  
rprobably t h e  b e t t e r  o r d e r .
As h a s  a lr e a d y  b een  m en tio n ed , t h i s  a r t i c l e  (V I) i s  co n cern ed  w ith  S e t s  o f  R ea l 
^Rombers, and n o t  w it h  S e t s  o f  P o i n t s .  H ow ever, tw o r e f e r e n c e s  app ear w h ich  in d ic a t e  
[that C antor was a t  l e a s t  b e g in n in g  t o  fo r m u la te  h i s  t h e o r y  o f  p o in t  s e t s .  On p age  248  
[he d e f in e s  a " l in e a r ”, a g g r e g a te  o f  r e a l  numbers a s  one " c o n s is t in g  o f  r e a l ,  d i f f e r e n t  
[numbers, s o  t h a t  one and th e  same number a p p ears in  each  l i n e a r  a g g r e g a te  n o t o f t e n e r  
[than o n ce  a s  an e le m e n t ."  And a t  th e  c lo s e  o f  t h e  a r t i c l e  h e  s t a t e s .
We now c o n s id e r  th e  q u e s t io n  " in to  w hat c la s s e s  l i n e a r  s e t s  a r e  d iv id e d ,  and w hat 
i s  th e  number o f  t h e s e  c l a s s e s ,  i f  we group in  d i f f e r e n t  c l a s s e s  s e t s  o f  d i f f e r e n t  
[Cardinal number, and in , th e  same c la s s  s e t s  o f  t h e  same c a r d in a l  num ber," The number 
iOf su ch  c l a s s e s ,  h e  c o n c lu d e s , i s  "equal t o  tw o" . "There a r e  th e n , W ith l i n e a r  s e t s ,  
[only t w o 'd i f f e r e n t  c a r d in a l num bers, co rr e sp o n d in g  t o  t h e s e  tw o c l a s s e s ;  we r e tu r n
* -  S ee  H ob son , 8 0 . ■
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To p ro v e  t h i s  th eorem , we s t a r t  w ith  th e  known th eorem  t h a t  each  i r r a t i o n a l  number 
$ g r e a t e r  th a n  Q and l e s s  th a n  1  can b e  r e p r e se n te d  by an i n f i n i t e  co n tin u e d  f r a c t i o n ,  
e  = 1
f  • • • • • • • •  a
yhere !•■-<»<*,.■. a r e  p o s i t i v e ,  w h ole  num bers.
"To ea ch  p o s i t i v e  i r r a t i o n a l  number e  g r e a te r  th a n  0  and l e s s  th an  1 corresp o n d s  
a f ix e d  i n f i n i t e  s e r i e s  o f  p o s i t i v e  w h o le  numbers and c o n v e r s e ly ,  each
such s e r i e s  f i x e s  a  c e r t a in  i r r a t io n a l  number e b stw een  0  and 1 »
"Now l e t  e , ,  e ^  .  . . .  e^  be n in d ep en d en t v a r ia b le  m agn itud es o f  w h ich  ea ch  can  
take on a l l  i r r a t i o n a l  v a lu e s  in  th e  in t e r v a l  ( 0 ,  1 ) ,  and each  o f  th e s e  o n ly  o n c e . ♦
We p u t
e, -  (^ 11, )
e 
#
"These n i r r a t io n a l  numbers d eterm in e  an n-t-l s t  i r r a t io n a l  number d betw een  0 and  
1,
d =• (> ,, ... s . , .... )
where we assum e t h e  f o l lo w in g  r e la t io n s  betw een  th e  numbers a< and P -
(1  ) ^(\r>OiA ♦ /* “■«</<» { Vs-*, » . * > - .  <wy**
"But a l s o  i n v e r s e ly  i f  we s t a r t  w ith  an i r r a t io n a l  number d , we f i x  th e  s e r i e s  0 /  ,
and c o n s e q u e n t ly  f i x  t h e  s e r i e s  o f  i r r a t io n a l s  e , ,  e ^ , . . . .  e  ^ , a g a in  u s in g  r e l a t i o n
( l ) .  From t h i s  th eo rem  I  r e s u l t s .  ***
♦ -  T h is  r e s t r i c t i o n  i s  c e r t a i n l y  in c o r r e c t .  In  A cta  11-316  th e  theorem  i s  c o r ­
r e c t ly  s t a t e d ,  o m it t in g  th e  "and each  o f  t h e s e  o n ly  o n ce" .
d i s  t h e r e f o r e  d e f in e d  b y  “ ) •
***_  T h is  th eo rem  app ears in  H obson, 8 4 .
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t h e  same c a r d in a l  number b e lo n g s  t o  tw o  s e t s  o n ly  when t h e  number o f  t h e i r  
e lem en ts i s  e q u a l .  And i f  on e  s e t  i s  p a r t  o f  a n o th e r ,  i t s  c a r d in a l  number i s  l e s s  
jtlian t h e  c a r d in a l  number o f  t h e  o t h e r .  B ut when w e come t o  i n f i n i t e  s e t s ,  i f  "an
f^ jjifin ite  s e r i e s  M i s  a p a r t  o f  a n o th e r  N , i t  can  b y  no means b e  c o n c lu d e d  t h a t  i t s
&
c a r d in a l number i s  l e s s  th a n  t h a t  o f  N . T h is  c o n c lu s io n  i s  o n ly  j u s t i f i e d  w hen we 
*\xxcnr t h a t  t h e  c a r d in a l  number o f  M i s  n o t  e q u a l t o  t h a t  6 f  N .” He th e n  r e - d e f i n e s
r^ u m erab le  s e t s ,  and s t a t e s  t h e  tw o  f o l l o w i n g  th e o r e m s;
" I f  M i s  a  s e t  o f  t h e  p ow er o f  t h e  p o s i t i v e ,  w h o le  num bers (a n  en u m era b le  s e t ) ,
th en  ea ch  i n f i n i t e  p a r t  o f  M h as t h e  same p ow er.
" i f  M ', M * i s  a  f i n i t e  o r  s im p ly  i n f i n i t e  s e r i e s  o f  s e t s ,  e a ch  o f
^ i o h  i s  e n u m er a b le , th e n  t h e  s e t  M, w h ic h  r e s u l t s  from  j o i n i n g  M*, M**, M'
tvr ■
i s  a l s o  e n u m er a b le ."
The p r i n c i p a l  p a r t  o f  t h i s  a r t i c l e ,  h o w ev er , i s  d e v o te d  t o  t h e  p r o o f  o f  t h e
theorem  t h a t  t h e  p -d im en s io n a l  con tin u u m  h a s  t h e  same c a r d in a l  number a s  t h e  o n e -
, d im en sio n a l con tin u u m . He s t a t e s  t h e  th eo rem  a s  f o l l o w s ;
" i f  X, ,  Xa,,  x ^  a r e  n in d e p e n d e n t , v a r ia b le  r e a l  nu m bers, e a c h  o f  w h ich
can assum e a l l  v a lu e s  in  t h e  in t e r v a l  ( 0 ,  l )  and  i f  t  i s  a n o th e r  v a r i a b l e  w i t h  t h e  
saine s c o p e ,  t h e n  i t  i s  p o s s i b l e  t o  make c o r r e sp o n d  t h e  on e m agn itu d e  t  t o  t h e  s y s te m
of n m a g n itu d es  x ,  ,  x ^ ,  ...................x ^ , so  t h a t  t o  e a ch  f i x e d  v a lu e  o f  t  c o r r e sp o n d s  a
f ix e d  v a lu e  sy s te m  x ,  ,  x , . ,  . . . . . .  x ^ , and c o n v e r s e ly ."
T h is  th eo r e m  d ep en d s on tw o o t h e r s ,  t h e  f i r s t  o f  w h ic h  i s :
I  I f  e , ,  e ^ , . . . . .  e ^  a r e  n in d ep en d e n t v a r ia b le s  o f  w h ic h  e a c h  can  t a k e  on  a l l  
i r r a t io n a l  v a lu e s  in  t h e  in t e r v a l  ( 0 ,  l ) ,  and i f  d i s  a n o th e r  v a r ia b le  w i t h  t h e  same 
acop e, t h e n  i t  i s  p o s s i b l e  t o  p u t i n  o n e - t o - o n e  c o r r e sp o n d e n c e  t h e  o n ejn agn itu d e  d  
and t h e  s y s te m  o f  n  m a g n itu d e s , e ,  ,  e , . ,  .............. e ^ .
* -  The more g e n e r a l  th eo rem  f o l lo v f s  a t  o n ce  from  t h i s .  S ee  H ob so n , 8 3 ,  f o r  a  
tr a n s fo r m a tio n  t h a t  w i l l  e f f e c t  t h e  g e n e r a l i z a t i o n .
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jiüObQP w it h  5  $  1 ,  l e t  f o l lo w  a f t e r  i t  th e  tw o r e a l  a lg e b r a ic  numbers w ith  2 ,  
denoting t h e s e  w ith  w^ and w  ̂ ,  e t c , ” ♦
T h is  th eo rem  can o f  co u rse  be im m ed ia te ly  ex ten d ed  t o  co v er  th e  c a se  o f  a l l
I-
ftlgobraio  num bers, r e a l  o r  com plex , **
The sec o n d  theorem  i n  t h i s  a r t i c l e  i s  t h a t  th e  a g g r eg a te  o f  a l l  r e a l  numbers 
^in & g iv e n  in t e r v a l  i s  n o t  enum erab le . The p r o o f c o n s i s t s  in  assum ing an o rd er in g
of th e  r e a l  numbers o f  th e  g iv e n  in t e r v a l  in  t h e  form  w , ,  Wx, ......... .. and th en
proving t h a t  o th e r  r e a l  numbers must e x i s t  in  t h e  in t e r v a l  ( t h e s e  b e in g  l i m i t  p o in ts  
of s e t s  o f  w - p o in t s )  w h ich  cannot appear in  our o r ig in a l  s e r i e s ,  ***
A r t i c l e  VI i s  p r a c t i c a l l y  a  c o n t in u a t io n  o f  IV , H ere we a re  f i r s t  in tro d u ced  
to  th e  id e a  o f  c a r d in a l number, "When two w e l l - d e f in e d  s e t s  can b é  p la c e d  in  o n e -  
to -o n e  c o rr e sp o n d e n c e , s im p ly  and c o m p le te ly , we s h a l l  sa y  th a t  th e s e  s e t s  have  
equal c a r d in a l  number, or  th a t  th e y  a r e  e q u iv a le n t ,"  **** When th e  s e t s  under con­
s id e r a t io n  a r e  f i n i t e ,  t h e  id e a  o f  c a r d in a l number corresp on d s t o  th a t  o f  number; *****
* -  The f i r s t  few  term s o f  th e  s e r i e s  are  0 ,  1 ,  - 1 ,  2 ,  - 2 ,  3 ,  - 3 ,  1 /3 ,
- 1/ 3 ,  - t ? ,  1 * (5 . 1 -  ( 5 . - 1 ± 0 ,  - l - ( 5 .  TiThen he sa y s  ^ ( 2 ) & 2 ,
T  " a. *- a. \
j Cantor means th a t  th e r e  a r e  tw o numbers whose rank i s  2 w h ich  we do n o t a lrea d y  h ave  
in our s e r i e s ;  s im i la r ly  ^ ( 3 ) ,  T here are  a c t u a l ly  % r e a l  numbers w hich a re  r o o ts  
of e q u a t io n s  o f  rank 3 ,  b u t 3 o f  them  a lr e a d y  a p p e a r 'in  our s e r i e s .
* * -  T h is  p r o o f  i s  rep rod uced  in  H obson, p g , 8 0 , w ith  th e  e x c e p t io n  th a t  N i s  th e r e  
put eq u a l t o  n  la .\ *  \a ,\ ^  and we a re  t o ld  t o  l e t  N eq u a l 3 , 4 , 5 ,  . . .  s u c -
[ ic e s s iv e ly , Hobson ap p ears t o  d e s ir e  t o  e x c lu d e  Q from th e  l i s t ,  s in c e  i f  N i s  2 ,  
we o b ta in  th e  e q u a t io n  x e  0 ,  w ith  r o o t  0 ,
* ♦ * - T h is  p r o o f  a l s o  app ears i n  A r t i c l e  V I I ,  5 ,  and in  Hobson, 81 ,
****_ T h is  id e a  i s  d is c u s s e d  fu r th e r  in  many la t e r  a r t i c l e s ,  as we s h a l l  s e e ,
■ *****_ A n za h l,
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"By a  l i m i t  p o in t  of* a  s e t  P , I  u n d e r s ta n d  a  p o in t  s o  p la c e d  t h a t  i n  e a c h
n eigh b orh ood  o f  t h e  same a r e  an  i n f i n i t e  number o f  p o in t s  o f  P ." *
A g a in ,
" A c c o r d in g ly  i t  i s  e a s y  t o  p r o v e  t h a t  a  s e t  c o n s i s t i n g  o f  an  i n f i n i t e  num ber o f  
■points h a s  a t  l e a s t  one l i m i t  p o i n t ."  H ere  h e  o m its  t h e  n e c e s s a r y  r e s t r i c t i o n  t h a t  
th e s e t  b e  b o u n d e d .♦♦
O th e r w ise  t h e  d e f i n i t i o n s  o f  l i m i t  p o in t  and o f  d e r iv e d  s e t a  o f  t h e  1 s t ,  2 n d ,
(
,  n - t h ,  o r d e r ,  a r e  j u s t  a s  w e h a v e  th em  t o d a y .  The d e v e lo p m e n t o f  t r a n s f i n i t e  
d e r iv a t iv e s  com es in  a  l a t e r  a r t i c l e .
k
I n  V olum e 7 7  o f  C r e l l e  ( A r t i c l e  IV ) C a n to r  p r o v e s  tw o  th eo r e m s  i n  c o n n e c t io n
w ith  r e a l  num bers w hicH  a r e  o f  fu n d a m en ta l in ç o r t a n c e  i n  t h e  t h e o r y  o f  p o i n t  s e t s .
F i r s t ,  t h e  a g g r e g a t e  o f  r e a l  a lg e b r a ic  num bers i s  show n t o  b e  e n u m e r a b le , t h a t  i s ,  
th e y  ca n  b e  p la c e d  i n  o n e - t o - o n e  c o r r e sp o n d e n c e  w i t h  t h e  p o s i t i v e  i n t e g e r s .  To 
prove t h i s ,  w e c o n s id e r  an  e q u a t io n -
a , ................   . . .  4  ̂ a ^  »  0 ,
where a l l  t h e  a ' s  a r e  p o s i t i v e  or  n e g a t iv e  i n t e g e r s .  Then p u t
N * n - 1  +. )a^ * \a ,\  ^ .................. 4 - \ a ^  ,
w here we may d e f i n e  N a s  t h e  ra n k  *** o f  t h e  e q u a t io n .  C an to r  c o n t in u e s ,
"To e a c h  p o s i t i v e  w h o le  number v a lu e  w h ic h  we may a s s i g n  N , t h e r e  a r e  o n ly  a  
f i n i t e  number o f  r e a l  a lg e b r a ic  num bers w i t h  t h e  ra n k  N; t h e  number o f  t h e s e  may 
be d e n o te d  b y  ^ ( N ) - f o r  e x a m p le , 4 ( l )  * 1 ,  f  ( 2 )  & 2 ,  ^ ( 3 ) - 4 .  Then t h e  num bers
o f  t h e  a g g r e g a t e  c a n  b e  o r d e r e d  a s  f o l l o w s ;  t a k e  a s  t h e  f i r s t  number w, t h e  on e
* -  I t  i s  o f  c o u r s e  u n n e c e s s a r y  t o  p o s t u l a t e  an  i n f i n t e  number o f  p o i n t s .  I n  
A r t i c l e  X I ,  p g ,  1 1 4 , h e  o m its  "an i n f i n i t e  number o f"  from  h i s  d e f i n i t i o n ,
* * -  In  A r t i c l e  X I , p g . 1 1 4 ,  h e  add s t h i s  r e s t r i c t i o n .
* * * -  H oh e.
Reproduced  with permission of the copyright owner. Further reproduction prohibited without permission.
i s  e q u a l t o  b ."
In  t h i s  same a r t i c l e * .  C antor a l s o  e x p la in s  th e  o th e r  tw o d e f i n i t i o n s  o f  a  
r e a l number, t h o s e  o f  W eiers t r a s s  and D ed ek in d , T h ese  sh o u ld  be read  i f  o n ly  t o  
compare them  w it h  C a n to r 's .  A ls o  in  t h i s  c o n n e c t io n . A r t i c l e s  I  and e s p e c i a l l y  I I I  
tcf t h e  b ib l io g r a p h y  m ight w e l l  b e  r e a d .
To r e tu r n  o n ce  more t o  t h e  f i r s t  a r t i c l e .  C antor c o n t in u e s ,
"I7e now d i f f e r e n t i a t e  th e  p o in t s  o f  a s t r a ig h t  l i n e  by s p e c i f y in g  t h e i r  d i s ­
ta n c e s  from  a  f i x e d  p o in t  0 ,  w ith  t h e  or — s ig n ,  a c co r d in g  a s  t h e  p o in t  i n  q u es­
t io n  l i e s  i n  t h e  p o s i t i v e  o r  n e g a t iv e  p a r t  o f  th e  l i n e ,
" i f  t h i s  d i s t a n c e  h a s a  r a t io n a l  r a t i o  t o  u n i t y ,  th e n  i t  w i l l  b e  e x p r e s s e d  
th rou gh  a  number m agn itud e o f  t h e  a g g r e g a te  A; o th e r w is e  i t  i s  a lw ays p o s s i b l e  t o  
s p e c i f y  a  s e r i e s  a , ,  &&, . . . . .  w h ich  has t h e  q u a l i t y  a lr e a d y  e x p r e s s e d
( th a t  i s ,  i t  i s  a  F u n d a m e n ta lr e ih e ) , and w h ich  h as such  a r e l a t i o n  t o  t h e  d is t a n c e  
in  q u e s t io n  t h a t  t h e  p o in t s  o f  th e  l i n e  t o  w h ich  th e  d is t a n c e s  a , ,  a ,. ,  . . . .  a , ^  . . . .  
b elon g  p r e s s  i n f i n i t e l y  n ear  to . th e  f i x e d  p o in t  a s  n in c r e a s e s .
" T his we e x p r e s s  a s  f o l l o w s - t h e  d is ta n c e  from  0  t o  th e  f i x e d  p o in t  i s  b ,  w here
b i s  th e  r e a l  number c o rresp o n d in g  t o  t h e  s e r i e s  a%,  a ^  . . . .  a ^  . . . . ■
"To make co m p le te  t h e  c o n n e c t io n  b etw een  th e  a g g r e g a te  o f  r e a l  numbers and t h e
p o in ts  o f  t h e  s t r a i g h t  l i n e ,  we m ust add an a x io m -th a t a l s o  in v e r s e ly  t o  each  number
m agn itu d e, a  f i x e d  p o in t  o f  t h e  l i n e  b e lo n g s  w hose c o o r d in a te  eq u a ls  t h a t  number 
m agn itu d e."
The p a r t ic u l a r  id e a  co n c er n in g  p o in t  s e t s  w h ich  C antor d e v e lo p s  h e r e  i s  t h a t  
o f l i m i t  p o in t s  and d e r iv e d  s e t s .  As t h i s  i s  th e  f i r s t  p r e s e n t a t io n  o f  t h ^ ^ t t e r ,  
i t  i s  n o t  s u r p r is in g  t h a t  a few  o f  h i s  s ta te m e n ts  h e r e  a r e  m o d if ie d  s l i g h t l y .  For
in s t a n c e ,  h e  s a y s ,
* -  P age  5 6 5 -7 .
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ggp i l e r  th a n  a  n e g a t iv e  r a t i o n a l  nuiahera*
%■
^  "To e x p r e s s  t h e  e x i s t e n c e  o f  t h e s e  t h r e e  r e l a t i o n s ,  we p la c e  r e s p e c t i v e l y
I
I, a ft, b  > a ,  b < a ,
Af r "From t h e s e  d e f i n i t i o n s  i t  r e s u l t s  a s  a  c o n seq u e n c e  t h a t  i f  b i s  t h e  l i m i t  o f  
th e  s e r i e s  ( 1 ) ,  t h e n  b -  a ^  becom es i n f i n i t e l y  s m a ll  a s  n i n c r e a s e s ,  s o  t h a t  t h e  
*̂0Xpre8 s io n  * l i m i t  o f  t h e  s e r i e s  ( l ) *  f o r  b f i n d s  a  c e r t a in  j u s t i f i c a t i o n .
F "The t o t a l i t y  o f  m a g n itu d es  b  may b e  d e n o ted  by  B ."
I n  t h i s  m anner C antor f i r s t  d e f i n e s  i r r a t i o n a l  num bers, and a r r iv e s  a t  t h e  
A g g reg a te  B o f  r e a l  n u m bers. Some su ch  d e f i n i t i o n  i s  e s s e n t i a l  b e f o r e  s t a r t i n g  
’t h e  s tu d y  o f  s e t s  o f  p o i n t s ,  s in c e  a s  C antor s a y s ,  when w e sp e a k  o f  p o i n t s ,  we 
r e a l l y  h a v e  r e a l  numbers i n  m in d .
A c l e a r e r  and r e v i s e d  p r e s e n t a t io n  o f  C a n to r 's  d e f i n i t i o n  o f  r e a l  num bers ap­
p ea rs  i n  A r t i c l e  X I I I ,  p g .  5 6 7 - 8 .  Each s e t  o f  r a t i o n a l  num bers w i t h  t h e  p r o p e r t y  
assum ed a b o v e  h e  c a l l s  a  " E \in d a m en ta lre ih e5 , and h e  " j o in s  t o  i t  a  number b ,  d e f in e d  
by i t " .  He t h e n  shows t h a t  b  can  b e =  O, ?  0 ,  or  < 0 ,  and a f t e r  d e f in in g  b-k-bj b - b * ,
^ ,  th ro u g h  t h e  p ro p er  c o m b in a tio n  o f  tw o fu n d a m en ta l s e r i e s ,  f i n a l l y  s t a t e s  t h e  co n ­
d i t io n s  f o r  one r e a l  number b e in g  e q u a l t o ,  g r e a t e r  t h a n ,  o r  l e s s  t h a n ,  a  sec o n d  
r e a l  num ber. He th e n  c o n c lu d e s ,
" A fter  a l l  t h e s e  p r e p a r a t io n s  i t  ca n  b e  p ro v ed  t h a t ,  w hen b i s  t h e  number f i x e d  
th ru  a  fu n d a m en ta l s e r i e s  ( a * ) ,  t h e n  b -  a*  ( w it h  in c r e a s in g  v  ) ,  becom es s m a l le r  in  
a b s o lu t e  v a lu e  th a n  e a ch  c o n c e iv a b le  r a t i o n a l  num ber, t h a t  i s ,
I* l im  a ^  »  b
f "We m ust n o t i c e  t h i s  i n  p a r t i c u l a r - t h e  number b i s  n o t  d e f in e d  a s  t h e  l i m i t  o f  
th e  term s a^  o f  a  fu n d a m en ta l s e r i e s ,  f o r  t h i s  w o u ld  in v o lv e  t h e  l o g i c a l  d e f e c t  o f  
assum ing t h e  e x i s t e n c e  o f  t h e  l i m i t  l i m ^ ^  ; r a t h e r  we go a t  t h e  m a tter  i n v e r s e l y ,
80  t h a t  w e s t a r t  w it h  our p r e c e d in g  d e f i n i t i o n  o f  b ,  w it h  c e r t a i n  q u a l i t i e s  and r e ­
l a t i o n s  t o  t h e  r a t i o n a l  nu m b ers, and fro m  t h i s  draw t h e  in f e r e n c e  t h a t  l im  a^  e x i s t s
V  —
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hav® th e  q u a l i t y  t h a t  t h e  d i f f e r e n c e  a ^ , a s  n I n c r e a s e s ,  becom es i n f i n i t e l y
sm a ll, w h a te v e r  t h e  p o s i t i v e  w h o le  number m may b e ; o r ,  in  o th er  w o r d s , t h a t  f o r  
any a r b i t r a r y  p r e -a a s ig n e d ® , ( p o s i t i v e  and r a t i o n a l ) ,  t h e r e  e x i s t s  a  w h o le  number 
su c h  t h a t  ( ^ ^ ^  when n ?  n , ,  and when m i s  an a r b it r a r y  p o s i t i v é  w h o le
gu m b er•
" T h is q u a l i t y  o f  su ch  a  s e r i e s  I  e x p r e s s  in  t h e  w o r d s , 'The s e r i e s  a , ,  a ^ , • • • •  
has a  f i x e d  l l n d t  b ."  **
"These w ords h a v e  no o th e r  m eaning th a n  th e  e x p r e s s io n  o f  t h a t  p a r t ic u la r  
 ̂ q u a l i t y ,  and j u s t  a s  we u n i t e  w ith  th e  s e r i e s  ( 1 )  a  p a r t ic u la r  sym bol b ,  i t  f o l l o w s  
I th a t  b y  o th e r  su ch  s e r i e s ,  o th e r  sym bols b‘ ,  b " , e t c .  a r e  b u ilt* -
f " I f  a sec o n d  a e r i e s ,  aj ,  a ^ , ...........a*,,V 1= g iv e n ,  w h ich  h a s  a  f i x e d  l i m i t  b* ,
r
 ̂ th e n  w e f i n d  t h a t  t h e  tw o  s e r i e s  ( I )  and (1^ ) a lw ays h ave  one o f  th e  th r e e  f o l lo w in g  
r e l a t i o n s ,  w h ic h  a r e  m u tu a lly  e x c l u s i v e .  E ith e r  ( l )  a ^ -  aj^becomes i n f i n i t e l y  sm a ll  
, a s  n in c r e a s e s ,  o r  &) a,»- a'„ rem a in s , from  some f i x e d  n o n , g r e a t e r  th a n  a  p o s i t i v e  
r a t io n a l  number ^ ,  or  3 )  a ^  -  r e g a in s ,  from  some f i x e d  n on , l e s s  th a n  a  n e g ­
a t iv e  r a t i o n a l  numberg .
"Vïhen t h e  f i r s t  r e l a t i o n  h o ld s ,  I  p la c e  bstb* ,  f o r  t h e  seco n d , b> b* , f o r  t h e  
t h i r d ,  b C  b  ̂ .
" A lso  we f i n d  t h a t  a  s e r i e s  ( l )  w h ich  h a s  a l im i t  b h a s ,  t o  a  r a t io n a l  number 
a , o n ly  on e o f  t h e  t h r e e  f o l lo w in g  r e l a t i o n s .  E ith e r  1 ) a ^ -a  becom es i n f i n i t e l y  
sm a ll a s  n in c r e a s e s ,  or  2 )  a ^ -a  r e m a in s , from  some f i x e d  n o n , a lw ays g r e a t e r  th a n  
a p o s i t i v e  r a t io n a l  numbers ,  or  3 )  a,^-a r em a in s , from some f i x e d  n o n , alw^tys
* -  The a u th o r  c e r t a i n l y  means 
♦ ♦ -In  h i s  l a t e r  a r t i c l e  X I I I ,  p g , 5 6 8 , C antor ta k e s  a d i f f e r e n t  p o in t  o f  v ie w ,  
b i s  n o t  d e f in e d  a s  t h e  l i m i t ,  in  f a c t  t h e  th e o r y  o f  l i m i t s  i s  r e p r e s e n te d  a s  b e in g  
deduced fro m  t h e  t h e o r y  o f  i r r a t i o n a l  num bers.
- ~  «n
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} The h i s t o r y  o f  t h e  d ev e lo p m e n t o f  t h e  T h eory  o f  S e t s  o f  P o in t s  u n t i l .  1 9 0 1  i s
 ̂ e s s e n t i a l l y  a  r e v ie w  o f  t h e  w r i t i n g s  on t h e  s u b j e c t  o f  o n e  man, G eorg C a n to r . We 
I f in d  an o c c a s io n a l  a r t i c l e  on p o in t  s e t s  b y  B endiacson , Phragm en , S t o l z  or  H a rn a ck ,
and a  r e f e r e n c e  now and t h e n  t o  Du B o is  Re%,Tiond, M it t a g - L e f f  1 e r ,  P a s c h , and a  fe w
f  o t h e r s ,  b u t  p r a c t i c a l l y  e v e r y t h in g  w as f i r s t  due t o  C a n to r .
If
 ̂ And C a n to r ' s f i r s t  a r t i c l e  d id  n o t  d i s c u s s  p o in t  s e t s  f o r  t h e i r  own i n t e r e s t
j or im p o r ta n c e , b u t  o n ly  a s  a  m eans to w a rd  p r o v in g  a  c e r t a i n  t r ig o n o m e t r i c a l  t h e -  
 ̂ orem . T h is  a r t i c l e  a p p ea red  in  1 8 7 1 , ( S e e  A r t i c l e  I I )  And a  l i t t l e  l a t e r  ( 1 8 7 3 -  
7 8 )  h e  p u b l is h e d  in  C r e lle *  s  jo u r n a l  s e v e r a l  a r t i c l e s  on t h e  T h eo ry  o f  S e t s  or  
A g g r e g a te s ,  w i t h  how ever p r a c t i c a l l y  no  r e f e r e n c e  t o  p o in t  s e t s .  We may s u r m is e  
* t h a t  i t  w as n o t  lo n g  b e f o r e  h e  b egan  t o  r e a l i z e  t h e  p o s s i b i l i t y  o f  a p p ly in g  t h e  
m ethod o f  h i s  f i r s t  a r t i c l e  t o  t h i s  d i f f e r e n t  s u b j e c t  m a t t e r ,  and t o  t r a n s l a t e  
h i s  T h eory  o f  S e t s  o f  R e a l Numbers i n t o  t h e  c l e a r e r  and more p o w e r fu l  T h eo ry  o f  
P o in t  S e t s .  I n  f a c t  a s  so o n  a s  1879 h e  p u b lis h e d  t h e  f i r s t  o f  t h e  s e t  o f  siac a r ­
t i c l e s ,  ”U ber u n e n d l ic h e ,  l i n e a r e  P u n k tn a n n ig fa lt  ig k e  i t  en " ,  w h ic h  c o n t a in  p r a c t i c -  
 ̂ a l l y  a l l  t h e  fu n d a m e n ta ls  o f  t h e  s u b j e c t .
L et u s  go  b a ck  f o r  a moment t o  C a n to r 's  f i r s t  a r t i c l e  on t h e  s u b j e c t .  ( l l ) .  He
I w r i t e s  a s  f o l l o w s - *
r "The r a t i o n a l  numbers fo rm  t h e  fo u n d a t io n  o f  w id e r  id e a s  o f  a number m a g n itu d e ;
;
I  w i l l  c a l l  t h e n  t h e  a g g r e g a t e  A , z e r o  b e in g  e x c lu d e d .
"In  t h i s  d i s c u s s i o n  o f  n u m b er -n a g n itu d ee  i n  t h e  w id e r  s e n s e ,  w e s h a l l  b e  co n ­
cern ed  w ith  i n f i n i t e  s e r i e s  o f  r a t i o n a l  num bers o f  t h e  form  a , ,  a , . ,  ............... ,  w h ic h
f : ”
* -  P age 123 f i* .
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